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Abstract

Covariance function estimation is a fundamental task in multivariate functional
data analysis and arises in many applications. In this paper, we consider estimating
sparse covariance functions for high-dimensional functional data, where the num-
ber of random functions p is comparable to, or even larger than the sample size n.
Aided by the Hilbert—Schmidt norm of functions, we introduce a new class of func-
tional thresholding operators that combine functional versions of thresholding and
shrinkage, and propose the adaptive functional thresholding estimator by incorporat-
ing the variance effects of individual entries of the sample covariance function into
functional thresholding. To handle the practical scenario where curves are partially
observed with errors, we also develop a nonparametric smoothing approach to obtain
the smoothed adaptive functional thresholding estimator and its binned implementa-
tion to accelerate the computation. We investigate the theoretical properties of our
proposals when p grows exponentially with n under both fully and partially observed
functional scenarios. Finally, we demonstrate that the proposed adaptive functional
thresholding estimators significantly outperform the competitors through extensive

simulations and the functional connectivity analysis of two neuroimaging datasets.

Keywords: Binning; High-dimensional functional data; Functional connectivity; Functional

sparsity; Local linear smoothing; Partially observed functional data.



1 Introduction

The covariance function estimation plays an important role in functional data analysis,
while existing methods are restricted to data with a single or small number of random
functions. Recent advances in technology have made multivariate or even high-dimensional
functional datasets increasingly common in various applications: e.g., time-course gene
expression data in genomics (Storey et al., 2005), air pollution data in environmental
studies (Kong et al., 2016) and different types of brain imaging data in neuroscience (Li and
Solea, 2018; Qiao et al., 2019). Under such scenarios, suppose we observe n independent
samples X;(-) = {Xi1(+),..., X;p(-)}" fori = 1,...,n defined on a compact interval ¢ with

covariance function
3(u,v) = {Ej5(u, v) }pxp = cov{X;(u), X;(v)}, u,vel.

From a heuristic interpretation, we can simply treat each curve X,;(-) as an infinitely
long vector and replace the (j, k)th entry of ¥ by X;4(-, ) = cov{X;;(-), Xix(-)}, the cross-
covariance matrix of two infinitely long vectors. Then X can be understood as a block
matrix with infinite sizes and its (j, k)th block being ¥j;(-,-). Besides being of interest
in itself, an estimator of ¥ is useful for many applications including, e.g., multivariate
functional principal components analysis (FPCA) (Happ and Greven, 2018), multivariate
functional linear regression (Chiou et al., 2016), functional factor model (Guo et al., 2022)
and functional classification (Park et al., 2021). See Section 2.3 for details.

Our paper focuses on estimating 3 under high-dimensional scaling, where p can be

comparable to, or even larger than n. In this setting, the sample covariance function
~ ~ 1 " _ _
S, 0) = (Sin(t, )y = —— D {Xulw) = X(@}HXs(o) - X}, wvell,
i=1

where X(-) = n~t > | X;(-), performs poorly, and some lower-dimensional structural as-
sumptions need to be imposed to estimate 3 consistently. In contrast to extensive work on

estimating high-dimensional sparse covariance matrices (Bickel and Levina, 2008; Rothman



et al., 2009; Cai and Liu, 2011; Chen and Leng, 2016; Avella-Medina et al., 2018; Wang
et al., 2021), research on sparse covariance function estimation in high dimensions remains
largely unaddressed in the literature.

In this paper, we consider estimating sparse covariance functions via adaptive func-
tional thresholding in the sense of shrinking some blocks ijk(-, -)’s in an adaptive way.
To achieve this, we introduce a new class of functional thresholding operators that com-
bine functional versions of thresholding and shrinkage based on the Hilbert-Schmidt norm
of functions, and develop an adaptive functional thresholding procedure on i(, -) using
entry-dependent functional thresholds that automatically adapt to the variability of blocks
f]jk(-, -)’s. To provide theoretical guarantees of our method under high-dimensional scaling,
it is essential to develop standardized concentration results taking into account the vari-
ability adjustment. Compared with adaptive thresholding for non-functional data (Cai and
Liu, 2011), the intrinsic infinite-dimensionality of each X;;(-) leads to a substantial rise in
the complexity of sparsity modeling and theoretical analysis, as one needs to rely on some
functional norm of standardized i‘jk’s, e.g., the Hilbert—Schmidt norm, to enforce the func-
tional sparsity in 3 and tackle more technical challenges for standardized processes within
an abstract Hilbert space. To handle the practical scenario where functions are partially
observed with errors, it is desirable to apply nonparametric smoothers in conjunction with
adaptive functional thresholding. This poses a computationally intensive task especially
when p is large, thus calling for the development of fast implementation strategy.

There are many applications of the proposed sparse covariance function estimation
method in neuroimaging analysis, where brain signals are measured over time at a large
number of regions of interest (ROIs) for individuals. Examples include the brain-computer
interface classification (Lotte et al., 2018) and the brain functional connectivity identifi-
cation (Rogers et al., 2007). Traditional neuroimaging analysis models brain signals for
each subject as multivariate random variables, where each ROI is represented by a ran-

dom variable, and hence the covariance/correlation matrices of interest are estimated by



treating the time-course data of each ROI as repeated observations. However, due to the
non-stationary and dynamic features of signals (Chang and Glover, 2010), the strategy of
averaging over time fails to characterize the time-varying structure leading to the loss of
information in the original space. To overcome these drawbacks, we follow recent proposals
to model signals directly as multivariate random functions with each ROI represented by a
random function (Li and Solea, 2018; Qiao et al., 2019; Zapata et al., 2022; Lee et al., 2021).
The identified functional sparsity pattern in our estimate of 3 can be used to recover the
functional connectivity network among different ROIs, which is illustrated using examples
of functional magnetic resonance imaging (fMRI) datasets in Section 6 and Section E.3 of
the Supplementary Material.

Our paper makes useful contributions at multiple fronts. On the method side, it gener-
alizes the thresholding/sparsity concept in multivariate statistics to the functional setting
and offers a novel adaptive functional thresholding proposal to handle the heteroscedastic
problem of the sparse covariance function estimation motivated from neuroimaging analysis
and many statistical applications, e.g., those in Section 2.3 and Section C.2 of the Sup-
plementary Material. It also provides an alternative way of identifying correlation-based
functional connectivity with no need to specify the correlation function, the estimation of
which poses challenges as the inverses of ¥;;(u,v)’s are unbounded. In practice when func-
tions are observed with errors at either a dense grid of points or a small subset of points,
we also develop a unified local linear smoothing approach to obtain the smoothed adaptive
functional thresholding estimator and its fast implementation via binning (Fan and Mar-
ron, 1994) to speed up the computation without sacrificing the estimation accuracy. On the
theory side, we show that the proposed estimators enjoy the convergence and support re-
covery properties under both fully and partially observed functional scenarios when p grows
exponentially fast relative to n. The proof relies on tools from empirical process theory
due to the infinite-dimensional nature of functional data and some novel standardized con-

centration bounds in the Hilbert—Schmidt norm to deal with issues of high-dimensionality



and variance adjustment. Our theoretical results and adopted techniques are general, and
can be applied to other settings in high-dimensional functional data analysis.

The remainder of this paper is organized as follows. Section 2 introduces a class of func-
tional thresholding operators, based on which we propose the adaptive functional thresh-
olding of the sample covariance function. We then discuss a couple of applications of the
sparse covariance function estimation. Section 3 presents convergence and support recovery
analysis of our proposed estimator. In Section 4, we develop a nonparametric smoothing
approach and its binned implementation to deal with partially observed functional data,
and then investigate its theoretical properties. In Sections 5 and 6, we demonstrate the
uniform superiority of the adaptive functional thresholding estimators over the universal
counterparts through an extensive set of simulation studies and the functional connectivity
analysis of a neuroimaging dataset, respectively. All technical proofs are relegated to the
Supplementary Material. We also provide the codes to reproduce the results for simulations

and real data analysis in supplementary materials.

2 Methodology

2.1 Functional thresholding

We begin by introducing some notation. Let Lo(U) denotes a Hilbert space of square
integrable functions defined on U and S = Ly (U )R Lo (U ), where ® is the Kronecker product.
For any @ € S, we denote its Hilbert—Schmidt norm by |Q|s = {§§ Q(u,v)?dudv}/2. With

the aid of Hilbert—Schmidt norm, for any regularization parameter A = 0, we first define a

class of functional thresholding operators sy : S — S that satisfy the following conditions:
(i) ||sa(2)|s < ¢|Y||s for all Z and Y € S that satisfy |Z — Y|s < A and some ¢ > 0;
(i) Is2(Z)ls = 0 for |Z]s < A;

(ili) |sa(Z) — Z|s < Aforall Z€S.



Our proposed functional thresholding operators can be viewed as the functional generaliza-
tion of thresholding operators (Cai and Liu, 2011). Instead of a simple pointwise extension
of such thresholding operators under functional domain, we advocate a global thresholding
rule based on the Hilbert—Schmidt norm of functions that encourages the functional spar-
sity, in the sense that s)(Z)(u,v) = 0, for all u,v € U, if |Z]|s < A under condition (ii).
Condition (iii) limits the amount of (global) functional shrinkage in the Hilbert—Schmidt
norm to be no more than \.

Conditions (i)-(ili) are satisfied by functional versions of some commonly adopted
thresholding rules, which are introduced as solutions to the following penalized quadratic

loss problem with various penalties:

52(2) = agmin { 316 - 213 + py)} 1)

with py(0) = pr(]€]s) being a penalty function of ||f||s to enforce the functional sparsity.
The soft functional thresholding rule results from solving (1) with an ¢;/¢s type of
penalty, px(0) = A|0|s, and takes the form of s3(Z) = Z(1 — A\/|Z||s)+, where (z); =
max(x,0) for x € R. This rule can be viewed as a functional generalization of the group
lasso solution under the multivariate setting (Yuan and Lin, 2006). To solve (1) with an
lo/ly type of penalty, pr(0) = 27'N2I([|0]ls # 0), we obtain hard functional threhsolding
rule as ZI(|Z|s = A), where I(-) is an indicator function. As a comparison, soft func-
tional thresholding corresponds to the maximum amount of functional shrinkage allowed
by condition (iii), whereas no shrinkage results from hard functional thresholding. Taking
the compromise between soft and hard functional thresholding, we next propose functional
versions of SCAD (Fan and Li, 2001) and adaptive lasso (Zou, 2006) thresholding rules.
With a SCAD penalty (Fan and Li, 2001) operating on | - ||s instead of | - | for the uni-
variate scalar case, SCAD functional thresholding s3°(Z) is the same as soft functional
thresholding if |Z|s < 2, and equals Z{(a — 1) — a)\/|Z|s}/(a — 2) for | Z]||s € [2), a}]
and Z if |Z|s > a), where a > 2. Analogously, adaptive lasso functional thresholding rule

is s24(Z) = Z(1 — MY Z |51, with 5 = 0.
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Our proposed functional generalizations of soft, SCAD and adaptive lasso thresholding
rules can be checked to satisfy conditions (i)—(iii), see Section B.1 of the Supplementary
Material for details. To present a unified theoretical analysis, we focus on functional thresh-
olding operators s)(Z) satisfying conditions (i)—(iii). Note that, although the hard func-
tional thresholding does not satisfy condition (i), theoretical results in Section 3 still hold
for hard functional thresholding estimators under similar conditions with corresponding
proofs differing slightly. For examples of functional data with some local spikes, one may
possibly suggest supremum-norm-based class of functional thresholding operators. See the

detailed discussion in Section C.1 of the Supplementary Material.

2.2 Estimation

We now discuss our estimation procedure based on s,(Z). Note the variance of ijk(u, v) de-
pends on the distribution of {X;;(u), Xz (v)} through higher-order moments, which is intrin-
sically a heteroscedastic problem. Hence it is more desirable to use entry-dependent func-
tional thresholds that automatically takes into account the variability of blocks ijk(, )’s
to shrink some blocks to zero adaptively. To achieve this, define the variance factors
O,k (u,v) = var ([X;;(u) — E{X;;(u)}][Xiu(v) — E{Xix(v)}]) with corresponding estimators

M%) — X HXuw) — X)) = Satw)| sk =1,

=1

@jk(u, v) =

S|

Then the adaptive functional thresholding estimator X, = {i?k(, )}pxp 1s defined by
& A1/2 Sk
Sa — 61 x5, (_/ | 2)
O,
7k
which uses a single threshold level to functionally threshold standardized entries, f)jk / C:);f
for all j, k, resulting in entry-dependent functional thresholds for ijk’s. The selection of

the optimal regularization parameter ) is discussed in Section 5.

An alternative approach to estimate X is the universal functional thresholding estimator
o = {Z50 pxp with X5 = sx(35),
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where a universal threshold level is used for all entries. In a similar spirit to Rothman
et al. (2009), the consistency of iU requires the assumption that marginal-covariance func-
tions are uniformly bounded in nuclear norm, i.e., max; |[X;;|xy < M, where |X;;|x =
Su ¥;;(u, w)du. However, intuitively, such universal method does not perform well when nu-
clear norms vary over a wide range, or even fails when the uniform boundedness assumption

is violated. Section 5 provides some empirical evidence to support this intuition.

2.3 Applications

Many statistical problems involving multivariate functional data {X;()}; require estimat-
ing the covariance function 3. Under a high-dimensional regime, the functional sparsity
assumption can be imposed on X to facilitate its consistent sparse estimates. Here we
outline three applications of our proposals for the sparse covariance function estimation.
Our first application is multivariate FPCA serving as a natural dimension reduction
approach for X;(-). With the aid of Karhunen-Loéve expansion for multivariate functional

data (Happ and Greven, 2018), X;(:) admits the following expansion

Xz() = E{Xz(>} + Zgilqsl(')? L= 17 e, (3)
=1

where the principal component scores & = >30_; §[Xi;(u) — E{X;;(u)}]¢;(u)du and eigen-
functions ¢;(-) = {¢n(:), ..., ¢dp(-)}" are attainable by the eigenanalysis of ¥. Under a large
p scenario, we can adopt the proposed functional thresholding technique to obtain the sparse
estimation of 32, which guarantees the consistencies of estimated eigenvalues/eigenfunctions
pairs. In Section E.1 of the Supplementary Material, we follow the proposal of a normalized
version of multivariate FPCA in Happ and Greven (2018) and use a simulated example to
illustrate the superior sample performance of our functional thresholding approaches.

Our second application, multivariate functional linear regression (Chiou et al., 2016),

takes the form of

Y= 5o+ LXZ(U)T,B(u)du +e€, 1=1,...,n, (4)



where B(-) = {f1(-),...,B,(-)}" is p-vector of functional coeflicients to be estimated. The
standard three-step procedure involves performing (normalized) multivariate FPCA on
X;(+)’s based on 32, then estimating the basis coefficients vector of 3(-) and finally recovering
the estimated functional coefficients, where details are presented in Section E.1 of the
Supplementary Material and Chiou et al. (2016). When p is large, we can implement our
functional thresholding proposals to obtain consistent estimators of ¥ and hence (3. In
Section E.1 of the Supplementary Material, we demonstrate via a simulated example the
superiority of our adaptive-functional-thresholding-based estimator over its competitors.
Our third application considers another dimension reduction framework via functional
factor model (Guo et al., 2022) in the form of X;(-) = Af;(-) + &;(-), where the com-
mon components are driven by r functional factors fi(-) = {fu(-),..., fir(-)}", the id-
iosyncratic components are €;(-) and A € RP*" is the factor loading matrix. Denote
the covariance functions of X;(-), fi(-) and e;(-) by Xx, Xy and X., respectively. Un-
der the orthogonality of A, {{Xx(u,v)Xx(u,v)"dudv can be decomposed as the sum of
A3, (u,v)2f(u,v)"dudvA™ and the remaining smaller order terms. Intuitively, with
certain identifiable conditions, A can be recovered by carrying out an eigenanalysis of
§§ 2 ¢ (v, v)Xx (u, v)"dudv. To provide a parsimonious model and enhance interpretability
for near-zero loadings, we can impose subspace sparsity conditions (Vu and Lei, 2013) on
A that results in a functional sparse X x and hence our functional thresholding estimators
become applicable. See an application of our functional thresholding technique to improve
the estimation quality when fitting sparse functional factor model in Guo et al. (2022). See
also Section C.2 of the Supplementary Material for other applications including functional

graphical model estimation (Qiao et al., 2019) and multivariate functional classification.

3 Theoretical properties

We begin with some notation. For a random variable W, define |[W|, = inf{c > 0 :

E[4(|W]/c)] < 1}, where 1 : [0,00) — [0,0) is a nondecreasing, nonzero convex function
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with 1(0) = 0 and the norm takes the value oo if no finite ¢ exists for which E[¢(|W]/c)] < 1.
Denote 9y (z) = exp(a®) — 1 for k = 1. Let the packing number D(e, d) be the maximal
number of points that can fit in the compact interval ¢/ while maintaining a distance greater
than € between all points with respect to the semimetric d. We refer to Chapter 8 of Kosorok
(2008) for further explanations. For {X,;j(u):ueld,i=1,...,n,5 =1,...,p}, define the
standardized processes by Yi;(u) = [X;;(v) — E{X;;(u)}]/o;(u)*?, where o;(u) = X;;(u, u).

To present the main theorems, we need the following regularity conditions.

Condition 1 (i) For each i and j, Y;;(+) is a separable stochastic process with the semimet-
ric dj(u,v) = [Yj(w) = Y1;(0)lly, for u,v e U; (i) For some ug € U, maxi<j<p [Y15(10) |,

18 bounded.

Condition 2 The packing numbers D(e,d;)’s satisfy maxi<j<,D(e,d;) < Ce™" for some

constants C,r > 0 and € € (0, 1].

Condition 3 There exists some constant T > 0 such that min; inf,, ey var{Ylj (u)Ylk('U)} >

T.

1/4

Condition 4 The pair (n,p) satisfies logp/n'’* — 0 as n and p — 0.

Conditions 1 and 2 are standard to characterize the modulus of continuity of sub-
Gaussian processes Y;;(-)’s, see Chapter 8 of Kosorok (2008). These conditions also imply
that there exist some positive constants Cy and 7 such that Elexp(¢|Y1;]?)] < Cy for
all |t| < n and j with ||Yy;] = {§, Y1;(u)*du}"/?, which plays a crucial role in our proof
when applying concentration inequalities within Hilbert space. Condition 3 restricts the
variances of Y;;(u)Yi,(v)’s to be uniformly bounded away from zero so that they can be
well estimated. It also facilitates the development of some standardized concentration
results. This condition precludes the case of a Brownian motion Xj;(-) starting at 0 for
some j. However, replacing X;;(-) with a contaminated process X;;(-) + &;;, where ;’s

are independent from a normal distribution with zero mean and a small variance and are
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independent of X;;(-)’s, Condition 3 is fulfilled while the cross-covariance structure in X
remains the same in the sense of cov{X;;(u) + &;, Xi(v)} = cov{X;;(u), X;x(v)} for k # j
and u,v € U. Condition 4 allows the high-dimensional case, where p can diverge at some
exponential rate as n increases.

We next establish the convergence rate of the adaptive functional thresholding estimator

3, over a large class of “approximately sparse” covariance functions defined by

p
Cla.solp).cortd) = {23 =0 max Yoy [8|oul 0P S5l < slp),
SIS

mas o7 oo ]oe < 65" < o0}

for some 0 < ¢ < 1, where |0}]ls = sup,g, 0;(v) and X > 0 means that X = {Z,4(-, ) }pxp
is positive semidefinite, i.e., 3., §§Xjk(u, v)a;(w)ag(v)dudv > 0 for any a;(-) € L*(U)
and j = 1,...,p. See Cai and Liu (2011) for a similar class of covariance matrices for
non-functional data. Compared with the class
p
Clgrsu(p) M) = {53 = 0oyl < Mo 33 [0l < su()}

over which the universal functional thresholding estimator ZA]U can be shown to be consis-
tent, the columns of a covariance function in C(q, so(p), €0;U) are required to be within a
weighted ¢,/¢> ball instead of a standard ¢,/¢> ball, where the weights are determined by
|loj]o’s. Unlike C*(q, so(p), M;U), C(q, so(p), €0;U) no longer requires the uniform bound-
edness assumption on |o;|x’s and allows max; |o;||;x — 0. In the special case ¢ = 0,
C(q, so(p), €0;U) corresponds to a class of truly sparse covariance functions. Notably, so(p)

can depend on p and be regarded implicitly as the restriction on functional sparsity.

Theorem 1 Suppose that Conditions 1-/ hold. Then there exists some constant § > 0

such that, uniformly on C(q, so(p), co;U), if A = §(log p/n)"/?,

1—¢q

& O logp %
IS~ Bl = max |z;>k—zjkus=op{50<p>( = ) 3 (5)
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Theorem 1 presents the convergence result in the functional version of matrix ¢; norm.
The rate in (5) is consistent to those of sparse covariance matrix estimates in Rothman
et al. (2009); Cai and Liu (2011).

We finally turn to investigate the support recovery consistency of ) 1 over the parameter

space of truly sparse covariance functions defined by

P

Colso(®):U) = {2+ 3 = 0, max x 2] (1%l # 0) < solp) }.

which assumes that (X;5),, has at most so(p) non-zero functional entries on each row. The
following theorem shows that, with the choice of A = §(log p/n)'/? for some constant § > 0,

3, exactly recovers the support of X, supp(X) = {(j, k) : |2;xlls # 0}, with probability

approaching one.

Theorem 2 Suppose that Conditions 1-/ hold and Hij/@mHS (20 + 7)(logp/n)"? for

all (3, k) € supp(X) and some v > 0, where § is stated in Theorem 1. Then we have that

zlgcfo P{ supp( A) = supp(X)} — 1 as n — .

Theorem 2 ensures that 3 1 achieves the exact recovery of functional sparsity structure
in 3, i.e., the graph support in functional connectivity analysis, with probability tending
to 1. This theorem holds under the condition that the Hilbert-Schmidt norms of non-zero
standardized functional entries exceed a certain threshold, which ensures that non-zero
components are correctly retained. See an analogous minimum signal strength condition

for sparse covariance matrices in Cai and Liu (2011).

4 Partially observed functional data

In this section we consider a practical scenario where each X;;(-) is partially observed, with
errors, at random measurement locations Ujji, . . ., Uiz, € U. Let Z;; be the observed value
of XZJ(UZ]l) Then

Zijl = Xij(Uijl) +ei, L=1,..., L, (6)

12



where ¢;;’s are i.i.d. errors with E(g;;;) = 0 and var(e;;;) = o2, independent of X;;(-).
For dense measurement designs all L;;’s are larger than some order of n, while for sparse

designs all L;;’s are bounded (Zhang and Wang, 2016; Qiao et al., 2020).

4.1 Estimation procedure

Based on the observed data, {(Usji, Ziji)}1<i<n,1<j<pi<i<Li;» We next present a unified esti-

i1
mation procedure that handles both densely and sparsely sampled functional data.

We first develop a nonparametric smoothing approach to estimate ¥ (u, v)’s. Without
loss of generality, we assume that X;(-) has been centered to have mean zero. Denote
Ku(-) = h YK (-/h) for a univariate kernel function K with a bandwidth A > 0. A local

linear surface smoother (LLS) is employed to estimate cross-covariance functions X (u, v)

(7 # k) by minimizing

n Lij Ly

ZZ Z {Zileikm —ap— o (Uiji — u) — aa(Uikm, _U)}2th<Uijl — ) Kpe (Uigm — v), (7)

i=11=1m=1

with respect to (ap, aq, ag). Let the minimizer of (7) be (o, &1, é2) and the resulting estima-
tor is f]jk(u, v) = &p. To estimate marginal-covariance functions X;;(u, v)’s, we observe that
cov(Ziji, Zijm) = X(Uiji, Uijm) + 02I(L = m), and hence apply a LLS to the off-diagonals
of the raw covariances (Z;;iZ;jm)1<i<m< L;;- We consider minimizing

" 2

Z Z {Zileijm — Bo — B1(Uiji — u) — Bo(Usem, — U)} Ky (Uit — w) Ky, (Uigm, — v)

i=11<l#m<L;;
with respect to (S, 51, B2), thus obtaining the estimate ijj(u, v) = By. Note that we drop
subscripts j, k of h¢ jr and j of hys; to simplify our notation in this section. However, we
select different bandwidths he ji and hy; across j,k = 1,...,p in our empirical studies.

To construct the corresponding adaptive functional thresholding estimator, a standard

approach is to incorporate the variance effect of each ijk(u, v) into functional thresholding.
However, the estimation of Var{ijk (u,v)}’s involves estimating multiple complicated fourth
moment terms (Zhang and Wang, 2016), which results in high computational burden es-

pecially for large p. Since our focus is on characterizing the main variability of ijk(u, v)
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rather than estimating its variance precisely, we next develop a computationally simple yet
effective approach to estimate the main terms in the asymptotic variance of ijk(u, v). For

a,b=0,1,2, let

Lij Ly

Top 'Lgk u, U Z Z gab{hCa u, U (Uijlankm>}Zileikm7 (8)

l=1m=1
where gab{h, (w,v), (Ui, Ulkm)} = Kn(Uiji — ) Kp(Ugtern, — ) (Uiji — w)* (Uiggn, — v)°. Accord-
ing to Section D.1 of the Supplementary Material, minimizing (7) yields the resulting

estimator

~

Yk = (Wl,jkToo,z’jk + Wo ik Th0,ik + W?),jkTOl,ijk)a 9)

M-

Il
—_

1

where Wy ji, Wa ji, W3 ji can be represented via (S.12) in terms of

~
<D

L;

%,

=

gab{hCa <u7 U)a (Uijl7 Ulkm>}> a, b= Oa 17 2. (10)

1

Sab,jk’(“’? U) =

||'M:
n

3
I

=1

It is notable that the estimator ijk in (9) is expressed as the sum of n independent terms.
Ignoring the cross-covariances among observations within the subject that are dominated by

the corresponding variances, we propose a surrogate estimator for the asymptotic variance

of ijk by
~ n 2
Vi = L Z (Wl,jk%o,i]’k + Wa ik Vi, + W3,jkv(]1,ijk) ) (11)
i=1
where
L= (X LisLa) { 23 (BigLach® + Ly Lahg' + LyLih' + LEL) ), (12)
i=1 i=1
LZ] sz ~
Vabzgk u, U = Z Z gab{h6’7 u, U z]l7 zkm }{szlszm - Ejk(uvv)}' (13)
I=1m=1

The rationale of multiplying the rate I;;, in (11) is to ensure that \Tfjk(u, v) converges to some
finite function when n — o and he — 0 as justified in Section D.4 of the Supplementary
Material. In particular, the rate Ij, can be simplified to Y | L;;L;yhZ for the sparse or
moderately dense case and to (3, Li;Lix)* (X, Li;L3,)~" for the very dense case. Note

that I;; is imposed in (11) mainly for the theoretical purpose and hence will not place a

practical constraint on our method.
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In a similar procedure as above, the estimated variance factor ¥;; of 3J;; for each j can be

obtained by operating on { Ziji Zijm } 1<i<n,1<izm<L;; instead of { Ziji Zikm f1<i<ni<i<Li;,1<m<Li
for j # k. Substituting @jk in (2) by \lek, we obtain the smoothed adaptive functional
thresholding estimator
S, = (2 ith &4 = ¢'/2 (&)
A= (i )pxp with X5 =W " x s, s | (14)
jk

For comparison, we also define the smoothed universal functional thresholding estimator
as 3, = (i;}k)pxp with ifk = s) (ijk)

A natural alternative to the proposed LLS-based smoothing procedure considers pre-
smoothing each individual data. For densely sampled functional data, the observations
Zij1y -5 Zij L for each 7 and j can be pre-smoothed through the local linear smoother
to eliminate the contaminated noise, thus producing reconstructed random curves )A(,-j(')’s
before subsequent analysis (Zhang and Chen, 2007). See detailed implementation of pre-
smoothing in Section D.2 of the Supplementary Material. For sparsely sampled functional
data, such pre-smoothing step is not viable, while our smoothing proposal builds strength
across functions by incorporating information from all the observations, and hence is still

applicable. See also Section 5.3 for the numerical comparison between pre-smoothing and

our smoothing approach under different measurement designs.

4.2 Theoretical properties

In this section, we investigate the theoretical properties of > 4 for partially observed func-
tional data. We begin by introducing some notation. For two positive sequences {a,} and
{b,}, we write a,, < b, if there exits a positive constant ¢y such that a, /b, < co. We write
a, = b, if and only if a, < b, and b, < a, hold simultaneously. Before presenting the

theory, we impose the following regularity conditions.

Condition 5 (i) Let {Uiﬂ ci=1,...,n,7€l,....pl = 1,...,Lij} be i.i.d. copies of a

random variable U with density fy(-) defined on the compact set U, with the L;;’s fized.
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There exist some constants my and My such that 0 < my < infy fy(u) < supyfu(u) <

My < oo; (i) Xij, €0 and Uy are independent for each i, j, 1.

Condition 6 (i) Under the sparse measurement design, L;; < Lo < oo for all i,j and,
under the dense design, L;j; = L — o0 as n — o0 with U;;’s independent of i; (ii) The

bandwidth parameters he = hy = h — 0 as n — o0.

Condition 5 is standard in functional data analysis literature (Zhang and Wang, 2016).
Condition 6 (i) treats the number of measurement locations L;; as bounded and diverging
under sparse and dense measurement designs, respectively. To simplify notation, we assume

that L;; = L for the dense case and h¢ is of the same order as hy, in Condition 6 (ii).
Condition 7 There exists some constant v, € (0,1/2] such that

max
1<j,k<p

/1
< % + h? with probability approaching one. (15)
S n

’i:jk .M

Condition 8 There exist some positive constants c1, vo € (0,1/2] and some deterministic

functions Wy, (u, v)’s with min;  infy, ey ik (u, v) = ¢ such that

~ 1
max  sup |V (u,v) — U(u, v)’ < 4/% + h* with probability approaching one. (16)
n

1<j.k<p u,veEU

Condition 9 The pair (n,p) satisfies log p/n™P0172) — 0 and logp = cyn**h* for some

positive constant co asn and p — 0.

We follow Qiao et al. (2020) to impose Condition 7, in which the parameter 7, depends
on h and possibly L under the dense design. This condition is satisfied if there exist some

positive constants cs, ¢4, ¢5 such that for each j,k =1,...,p and t € (0,1],
P(Hijk — Sikls =t + c5h?) < cyexp(—czn®t?). (17)

The presence of h? comes from the standard results for bias terms under the boundedness
condition for the second-order partial derivatives of 3;i(u,v) over U? (Yao et al., 2005;

Zhang and Wang, 2016). This concentration result is fulfilled under different measurement
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schedules ranging from sparse to dense designs as v; increases. For sparsely sampled func-
tional data, Lemma 4 of Qiao et al. (2020) established L, concentration inequality for f)jk
for j = k, which not only results in the same L, rate as that in the sparse case (Zhang
and Wang, 2016) but also ensures (17) with the choice of v = 1/2 —a and h = n™* for
some positive constant a < 1/2. Following the same proof procedure, the same concentra-
tion inequality also applies for j # k and hence Condition 7 is satisfied. This condition is
also satisfied by densely sampled functional data, since it follows from Lemma 5 of Qiao
et al. (2020) that (17) holds for j = k and, with more efforts, also for j # k by choosing
7 = min(1/2,1/3 + b/6 — €'/2 — 2a/3) for some small constant ¢ > 0 when h = n~* and
L = nb for some constants a,b > 0. As L grows sufficiently large, v; = 1/2, thus leading
to the same rate as that in the ultra-dense case (Zhang and Wang, 2016). Condition 8
gives the uniform convergence rate for \Tfjk(u, v) in the same form as (15) but with differ-
ent parameter 7. A denser measurement design corresponds to a larger value of 7, and
a faster rate in (16). See the heuristic verification of Condition 8 in Section D.4 of the
Supplementary Material. Condition 9 indicates that p can grow exponentially fast relative
to n.

We next present the convergence rate of the smoothed adaptive functional thresholding

estimator X, over a class of “approximate sparse” covariance functions defined by

1<j<p

p
C(g;30(p), e;U) = {2 P X > 0, max W5 G085 < Bo(p),
—1
1 1
max |95 o[ Wi < € < 0},
7,k
for some 0 < g < 1.

Theorem 3 Suppose that Conditions 5-9 hold. Then there exists some constants § > 0

such that, uniformly on C(q, 30(p), co;U), if X = d(log p/n21)Y2,

p

~ ~ - lo T h
1B, - %1 = g 3185 - Sls = 0n {ant) (22) - (18)

1<k<p n2n

=1
The convergence rate of 3, in (18) is governed by internal parameters (71, ¢) and other

dimensionality parameters. Larger values of 7; correspond to a more frequent measurement
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schedule with larger L and result in a faster rate. The convergence result implicitly reveals
interesting phase transition phenomena depending on the relative order of L to n. As L
grows fast enough, 71 = 1/2 and the rate is consistent to that for fully observed functional
data in (5), presenting that the theory for very densely sampled functional data falls in the
parametric paradigm. As L grows moderately fast, 73 < 1/2 and the rate is faster than
that for sparsely sampled functional data but slower than the parametric rate.

We finally present Theorem 4 that guarantees the support recovery consistency of 3,

Theorem 4 Suppose that Conditions 5-9 hold and Hij/\Iljl.,/fHS > (26 + 7)(log p/n>1)1/?

for all (4, k) € supp(X) and some 4 > 0, where & is stated in Theorem 3, then

X1:£1(:f0 P{supp(X4) = supp(X)} — 1 as n — .

4.3 Fast computation

Consider a common situation in practice, where, for each ¢ = 1,...,n, we observe the noisy
versions of X;1(+), ..., X;,(+) at the same set of points, Ujy, ..., Ui, € U, across j = 1,...,p.

Then the original model in (6) is simplified to
Zijg = Xij(Ua) + €iji, 1=1,..., Ly, (19)

under which the proposed estimation procedure in Section 4.1 can still be applied. Suppose
that the estimated covariance function is evaluated at a grid of R x R locations, {(u,,, u,,) €
U? : 71,79 =1,..., R}. To serve the estimation of p(p+1)/2 marginal- and cross-covariance
functions and the corresponding variance factors, LLSs under the simplified model in (19)
reduce the number of kernel evaluations from O(3,;_, >7_, LijRR) to O(X;, L;R), which
substantially accelerate the computation under a high-dimensional regime.

Apparently, such nonparametric smoothing approach is conceptually simple but suffers
from high computational cost in kernel evaluations. To further reduce the computational
burden, we consider fast implementations of LLSs by adopting a simple approximation

technique, known as linear binning (Fan and Marron, 1994), to the covariance function
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estimation. The key idea of the binning method is to greatly reduce the number of kernel
evaluations through the fact that many of these evaluations are nearly the same. We start
by dividing U into an equally-spaced grid of R points, u; < --- < ur € U, with binwidth
A = uy — uy. Denote by w,(Uy) = max(1 — A™YUy — u,|,0) the linear weight that Uy
assigns to the grid point u, for r = 1,..., R. For the i-th subject, we define its “binned

weighted counts” and “binned weighted averages” as

Li Li
= Z wr(Uil) and D, ;; = Z wr(Uil)Zijh
=1 =1

respectively. The binned implementation of smoothed adaptive functional thresholding can
then be done using this modified dataset {(cw;;, D;.i;) }1<i<n1<j<pi<r<r and related kernel
functions gup{h, (u,v), (ur,, ur,)} for r,79 = 1,..., R. It is notable that, with the help of
such binned implementation, the number of kernel evaluations required in the covariance
function estimation is further reduced from O(}}" ;| L;R) to O(R), while only O} | L;)
additional operations are involved for each j in the binning step (Fan and Marron, 1994).

We next illustrate the binned implementation of LLS, denoted as BinLLS, using the
example of smoothed estimates ijk for j # k in (9). Under Model (19), we drop subscripts
Jok in Wik, Wo ik, Wi, and S i due to the same set of points {Us, ..., U} across
J, k. Denote the binned approximations of T} ;1 and Sgp by T ab,ijk and gab, respectively. It

follows from (8) and (10) that

R R
Tab,ijk(“u”) = Z Z gab{hCa (U,U), (uTl’uT2>}D7’1,ijDT27ik7

ri=1re=1

R R
Sab Z Z Javihc, (u,v) (umaurz)}wm,iwrzw

HM:

both of which together with (9) yield the binned approximation of ijk as
= Z (le—/’oo,ijk + WQTIO,ijk + WBTOLijk)v
i=1

where Wl, WQ and W;; are the binned approximations of Wy, Wy and W3, computed by re-

placing the related Sy;’s in (S.12) of the Supplementary Material with the gab’s. It is worth
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Table 1: The computational complexity analysis of LLS, BinLLS under Models (6), (19) when

evaluating the corresponding smoothed covariance function estimates at a grid of R x R points.

Number of Number of operations
Method Model

kernel evaluations (additions and multiplications)
LLS (6) O(Z?:l ?:1 Lin) O(R2 Z:’L:I ]k 1 LZJLl/f)
LLS (19 O, LR) OGRS, I?)
BinLLS  (19) O(R) Omp?R* + p*R*+p>. | L)

noting that, for each pair (j, k), the above binned implementation reduces the number of
operations (i.e., additions and multiplications) from O(R?> " | L?) to O(nR* + R*), since
the kernel evaluations in g.{hc, (u,v), (uy,, ur,)} no longer depend on individual observa-
tions. Table 1 presents the computational complexity analysis of LLS and BinLLS under
Models (6) and (19). It reveals that the binned implementation dramatically improves the
computational speed for both densely and sparsely sampled functional data, which is also
supported by the empirical evidence in Section 5.3.

To aid the binned implementation of the smoothed adaptive functional thresholding
estimator, we then derive the binned approximation of the variance factor \T/jk, denoted by

\Tfjk. It follows from (13) that Vg can be approximated by

R R
%b,ijk(uy U) = 2 Z hc, u 'U) (umv uT’z)) {,Dﬁ,ij,DTQﬂ'k - ij’(uv v)wﬁ,iwm,i}-
ri=1ry=1

Substituting each term in (11) with its binned approximation, we obtain that
\\I/jjk = L Z (Wl‘v/oo,ijk + WQ‘vflo,zjk + Ws‘v/(n,zjk)Q-
i=1
It is worth mentioning that, when j = k, the binned approximations of f]jj and \Tfjj can
be computed in a similar fashion except that the terms corresponding to r; = ry should
be excluded from all double summations over {1,..., R}?. Finally, we obtain the binned
adaptive functional thresholding estimator 3, = (Ev] A )pxp With EJk = \Ill,/f x s\ (2 jk/\llm)

and the corresponding universal thresholding estimator 3, = (ij ) pxp With %y HE (ijk)
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5 Simulations

5.1 Setup

We conduct a number of simulations to compare adaptive functional thresholding estima-
tors to universal functional thresholding estimators. Sections 5.2 and 5.3 consider scenarios
where random functions are fully and partially observed, respectively.

In each scenario, to mimic the infinite-dimensionality of random curves, we generate
functional variables by X;;(u) = s(u)"0;; fori =1,...,n,5=1,...,pand u e U = [0,1],
where s(u) is a 50-dimensional Fourier basis function and 6; = (05,...,6;)" € R is
generated from a mean zero multivariate Gaussian distribution with block covariance matrix
Q e RP5% whose (j,k)-th block is €, € R for j k = 1,...,p. The functional
sparsity pattern in 3 = {X;4(-, ) }pxp with its (7, k)th entry X, (u,v) = s(u)"Qjxs(v) can
be characterized by the block sparsity structure in 2. Define 2, = w;;D with D =
diag(172,...,5072) and hence cov(0;k, Oijir) ~ k~2I(k = k') for k, k' = 1,...,50. Then we

generate {2 with different block sparsity patterns as follows.

e Model 1 (block banded). For j,k = 1,...,p/2, wjx = (1 —|j — k|/10)+. For j, k =

p/2+1,... . p, wy =41 = k).

e Model 2 (block sparse without any special structure). For j,k = p/2+1,...,p, wjy =
41(j = k). For j,k = 1,...,p/2, we generate w = (wjr)p/2xp2 = B + 0'L, /5, where
elements of B are sampled independently from Uniform[0.3,0.8] with probability 0.2
or 0 with probability 0.8, and ¢’ = max{—Anin(B), 0} 4+ 0.01 to guarantee the positive

definiteness of €2.

We implement a cross-validation approach (Bickel and Levina, 2008) for choosing the

~

optimal thresholding parameter A in )y Ao opecifically, we randomly divide the sample
{X;:i=1,...,n} into two subsamples of size n; and ns, where n; = n(1 — 1/logn) and

ny = n/logn and repeat this N times. Let ﬁg()\) and ﬁéyz) be the adaptive functional
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thresholding estimator as a function of A and the sample covariance function based on n,
and ny observations, respectively, from the vth split. We select the optimal A by minimizing
) o)
ari(A) = N7' Y 1800 - .l
v=1
where ||| denotes the functional version of Frobenius norm, i.e., for any Q@ = {Q;x(-, ") }pxp
with each Qi € S, [Qlr = (X, [Qjx]%)"?. The optimal thresholding parameters in S,

~ ~

Y, 2y, iA, iU can be selected in a similar fashion.

5.2 Fully observed functional data

We compare the adaptive functional thresholding estimator s 4 to the universal functional
thresholding estimator >, under hard, soft, SCAD (with a = 3.7) and adaptive lasso
(with n = 3) functional thresholding rules, where the corresponding Ns are selected by
the cross-validation with N = 5. We generate n = 100 observations for p = 50,100, 150
and replicate each simulation 100 times. We examine the performance of all competing
approaches by estimation and support recovery accuracies. In terms of the estimation
accuracy, Table 2 reports numerical summaries of losses measured by functional versions of
Frobenius and matrix ¢; norms. To assess the support recovery consistency, we present in
Table 3 the average of true positive rates (TPRs) and false positive rates (FPRs), defined as
TPR = #{(j, k) : [Sls # 0 and [Syills # 0}/#4(, k) : [Slls # 0} and FPR = #{(j, k) -
Hf)ijg # 0 and |Ej,ls = 0}/#{(4,k) : |E;k|s = 0}. Since the results under Models 1 and
2 have similar trends, we only present the numerical results under Model 2 here to save
space. See Tables 9 and 10 of the Supplementary Material for results under Model 1.
Several conclusions can be drawn from Tables 2-3 and 9-10. First, in all scenarios,
)y A provides substantially improved accuracy over fJU regardless of the thresholding rule
or the loss used. We also obtain the sample covariance function XA]S, the results of which
deteriorate severely compared with iA and iU. Second, for support recovery, again s A
uniformly outperforms fJU, which fails to recover the functional sparsity pattern especially

when p is large. Third, the adaptive functional thresholding approach using the hard
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Table 2: The average (standard error) functional matrix losses over 100 simulation runs.

™
c
™
>
™M>
[}
™M>
™M
c

Model ~ Method N

Functional Frobenius norm

(0.03) 9.39(0.02)  9.48(0.04) 15.79(0.01) 14.00(0.05) 22.26(0.01)

Soft 6.14(0.03) 8.55(0.04) 10.28(0.05) 15.00(0.05)  14.8(0.05) 21.89(0.04)
SCAD 5.94(0.03) 8.59(0.04)  9.96(0.05) 15.02(0.05) 14.49(0.06) 21.91(0.04)
Adap. lasso 5.44(0.03) 9.10(0.04)  8.99(0.04) 15.73(0.02) 13.02(0.05) 22.25(0.01)

Hard 5.67(0.03

Sample 21.80(0.04) 43.51(0.06) 65.22(0.07)
2 Functional matrix ¢; norm

Hard  2.85(0.03) 4.74(0.01) 4.77(0.05) 7.11(0.01)  7.65(0.07) 10.31(0.01)
Soft 3.31(0.03) 4.51(0.04) 5.37(0.04)  6.90(0.02) 8.21(0.05) 10.21(0.01)
SCAD  3.22(0.03) 4.48(0.03) 5.29(0.04)  6.91(0.02)  8.14(0.05) 10.21(0.01)
Adap. lasso  2.75(0.03) 4.66(0.02)  4.62(0.05)  7.08(0.01)  7.35(0.07) 10.30(0.01)

Sample 28.06(0.12) 56.01(0.19) 84.13(0.23)

Table 3: The average TPRs/ FPRs over 100 simulation runs.
p =250 p =100 p =150
Model ~ Method N o s, o s, o

Hard  0.77/0.00 0.00/0.00 0.68/0.00 0.00/0.00 0.63/0.00 0.00/0.00
Soft 0.99/0.06 0.50/0.07 0.97/0.04 0.30/0.04 0.96/0.04 0.11/0.02
SCAD  0.99/0.06 0.47/0.06 0.98/0.05 0.29/0.04 0.97/0.05 0.10/0.01
Adap. lasso  0.91/0.00 0.10/0.01 0.86/0.00 0.01/0.00 0.83/0.00 0.00/0.00

and the adaptive lasso functional thresholding rules tends to have lower losses and lower

TPRs/FPRs than that using the soft and the SCAD functional thresholding rules.

5.3 Partially observed functional data

In this section, we assess the finite-sample performance of LLS and BinLLS methods
to handle partially observed functional data. We first generate random functions X;;(-)
fori =1,...,n,7 = 1,...,p by the same procedure as in Section 5.1 with either non-

sparse or sparse % depending on p. We then generate the observed values Z;; from equa-
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tion (19), where the measurement locations Uy and errors ¢;;; are sampled independently
from Uniform[0,1] and N(0,0.5%), respectively. We consider settings of n = 100 and
L; = 11,21,51,101, changing from sparse to moderately dense to very dense measure-
ment schedules. We use the Gaussian kernel with the optimal bandwidths proportional to
n~V6 (nL?)~6 and n~"/4, respectively, as suggested in Zhang and Wang (2016), so for the
empirical work in this paper we choose the proportionality constants in the range (0, 1],
which gives good results in all settings we consider.

To compare BinLLS with LLS in terms of the computational speed and estimation ac-
curacy, we first consider a low-dimensional example p = 6 with non-sparse ¥ generated by
modifying Model 1 with wj, = (1 —|j — k[/10)4 for j,k =1,...,6. In addition to our pro-
posed smoothing methods, we also implement local-linear-smoother-based pre-smoothing
and its binned implementation, denoted as LLS-P and BinLLS-P, respectively. Table 4 re-
ports numerical summaries of estimation errors evaluated at R = 21 equally-spaced points
in [0, 1] and the corresponding CPU time on the processor Intel(R) Xeon(R) CPU E5-2690
v3 @ 2.60GHz. The results for the sample covariance function f)s based on fully observed
Xi()y...,X,(+) are also provided as the baseline for comparison. Note that, LLS is too
slow to implement for the case L; = 101, so we do not report its result here.

A few trends are observable from Table 4. First, the binned implementations (BinLLS
and BinLLS-P) attain similar or even lower estimation errors compared with their direct
implementations (LLS and LLS-P) under all scenarios, while resulting in considerably faster
computational speeds especially under dense designs. For example, BinLLS runs over
400 times faster than LLS when L; = 51. Second, all methods provide higher estimation
accuracies as L; increases, and enjoy similar performance when functions are very densely
observed, e.g., L; = 51 and 101, compared with the fully observed functional case. However,
the performance of LLS-P and BinLLS-P deteriorates severely under sparse designs, e.g.,
L; = 11 and 21, since limited information is available from a small number of observations

per subject. Among all competitors, we conclude that BinLLLS is overall a unified approach
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Table 4: The average (standard error) functional matrix losses and average CPU time for p = 6

over 100 simulation runs.

L | Method Functional Functional Elapsed time Method Functional Functional Elapsed time
Frobenius norm matrix ¢; norm (sec) Frobenius norm matrix ¢; norm (sec)

BinLLS 1.57(0.02) 1.72(0.03) 2.06 BinLLS-P 4.14(0.03) 4.36(0.04) 0.18

H LLS 1.62(0.02) 1.76(0.03) 50.52 LLS-P 4.23(0.04) 4.47(0.05) 0.22
BinLLS 1.28(0.02) 1.42(0.03) 2.07 BinLLS-P 2.66(0.02) 2.80(0.02) 0.19

2! LLS 1.28(0.02) 1.42(0.03) 136.88 LLS-P 2.67(0.02) 2.82(0.03) 0.29
BinLLS 1.06(0.02) 1.20(0.03) 2.21 BinLLS-P 1.12(0.03) 1.26(0.03) 0.20

ot LLS 1.04(0.02) 1.18(0.03) 967.75 LLS-P 1.12(0.03) 1.26(0.03) 0.39
BinLLS 1.00(0.02) 1.14(0.03) 2.23 BinLLS-P 0.99(0.02) 1.13(0.03) 0.21

101 LLS - - - LLS-P 0.97(0.02) 1.11(0.03) 0.64
~ Functional Frobenius norm Functional matrix ¢; norm Elapsed time (sec)
> 1.04(0.03) 1.20(0.03) 0.11

that can handle both sparsely and densely sampled functional data well with increased
computational efficiency and guaranteed estimation accuracy.

We next examine the performance of BinLLS-based adaptive and universal functional
thresholding estimators in terms of estimation accuracy and support recovery consistency
using the same performance measures as in Tables 2-3. Tables 5-6 and Tables 11-14 of the
Supplementary Material report numerical results for settings of p = 50 and 100 satisfying
Models 1 and 2 under different measurement schedules. We observe a few apparent pat-
terns from Tables 5-6 and 11-14. First, by A Substantially outperforms fJU with significantly
lower estimation errors in all settings. Second, 3, works consistently well in recovering the
functional sparsity structures especially under the soft and SCAD functional thresholding
rules, while iU fails to identify such patterns. Third, the estimation and support recovery
consistencies of 3 A and f]U are improved as L; increases. When curves are very densely
observed, e.g., L; = 101, we observe that both estimators enjoy similar performance with
iA and iU in Tables 2-3 and Tables 9-10 of the Supplementary Material. Such obser-
vation provides empirical evidence to support our remark for Theorem 3 about the same

convergence rate between very densely observed and fully observed functional scenarios.

25



Table 5: The average (standard error) functional matrix losses for partially observed functional

scenarios and p = 50 over 100 simulation runs.

L;=11 L; =21 L; =51 L; =101
Model Method N EVJU R f]U N iu DI i[;

Functional Frobenius norm
Hard 8.12(0.03) 10.41(0.02) 6.85(0.04) 9.89(0.01) 6.06(0.04
Soft 8.35(0.03) 10.37(0.01) 7.35(0.03) 9.60(0.03) 6.72(0.03
SCAD 8.32(0.03) 10.37(0.01) 7.23(0.04) 9.60(0.03) 6.50(0.04
Adap. lasso 7.83(0.03) 10.39(0.01) 6.69(0.04) 9.84(0.02) 5.97(0.04

9.60(0.02) 5.75(0.04) 9.51(0.02)
8.86(0.04) 6.48(0.03) 8.56(0.04)
8.89(0.04) 6.23(0.04) 8.61(0.04)
9.40(0.04) 5.71(0.04) 9.16(0.04)

=z I = =

Functional matrix ¢; norm

2 Hard  3.82(0.04) 4.91(0.01) 3.36(0.04) 4.82(0.01) 3.00(0.05) 4.78(0.01) 2.85(0.05) 4.77(0.01)
Soft 3.96(0.02)  4.83(0.01) 3.71(0.03) 4.72(0.02) 3.50(0.03) 4.55(0.03) 3.44(0.03) 4.47(0.03)

SCAD  3.96(0.02) 4.88(0.01) 3.67(0.03) 4.72(0.02) 3.41(0.03) 4.55(0.02) 3.32(0.03) 4.48(0.02)

Adap. lasso  3.65(0.04)  4.90(0.01) 3.28(0.04) 4.80(0.01) 2.96(0.04) 4.73(0.01) 2.88(0.04) 4.69(0.02)

Table 6: The average TPRs/ FPRs for partially observed functional scenarios and p = 50 over

100 simulation runs.

L =11 L; =21 L; = 51 L; = 101
Model ~ Method R 3, N N DN N N 3,

Hard  0.58/0.00 0.00/0.00 0.69/0.00 0.00/0.00 0.75/0.00 0.01/0.00 0.79/0.00 0.01/0.00
Soft 0.95/0.04 0.03/0.01 0.97/0.05 0.22/0.03 0.99/0.06 0.48/0.06 0.99/0.06 0.58/0.07
SCAD  0.95/0.04 0.03/0.01 0.97/0.06 0.22/0.03 0.99/0.07 0.46/0.06 0.99/0.07 0.54/0.06
Adap. lasso  0.80/0.00 0.00/0.00 0.86/0.00 0.02/0.00 0.90/0.00 0.08/0.00 0.91/0.00 0.15/0.01
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6 Real Data

In this section, we aim to investigate the association between the brain functional connec-
tivity and fluid intelligence (gF'), the capacity to solve problems independently of acquired
knowledge (Cattell, 1987). The dataset contains subjects of resting-state fMRI scans and
the corresponding gF' scores, measured by the 24-item Raven’s Progressive Matrices, from
the Human Connectome Project (HCP). We follow many recent proposals based on HCP
by modelling signals as multivariate random functions with each region of interest (ROI)
representing one random function (Zapata et al., 2022; Lee et al., 2021; Miao et al., 2022).
We focus our analysis on njo,, = 73 subjects with intelligence scores gF < 8 and npign = 85
subjects with ¢gF > 23, and consider p = 83 ROIs of three generally acknowledged modules
in neuroscience study (Finn et al., 2015): the medial frontal (29 ROIs), frontoparietal (34
ROIs) and default mode modules (20 ROIs). For each subject, the BOLD signals at each
ROI are collected every 0.72 seconds for a total of L = 1200 measurement locations (14.4
minutes). We first implement the ICA-FIX preprocessed pipeline (Glasser et al., 2013) and
a standard band-pass filter at [0.01,0.08] Hz to exclude frequency bands not implicated
in resting state functional connectivity (Biswal et al., 1995). Figure 12 of the Supple-
mentary Material displays examplified trajectories of pre-smoothed data. The adaptive
functional thresholding method is then adopted to estimate the sparse covariance function
and therefore the brain networks.

The sparsity structures in 3, for both groups are displayed in Figure 1. With ) se-
lected by the cross-validation, the network associated with by a for subjects with gF > 23 is
more densely connected than that with gF < 8, as evident from Fig. 1(a)—(b). We further
set the sparsity level to 70% and 85%, and present the corresponding sparsity patterns
in Fig. 1(c)—(f). The results clearly indicate the existence of three diagonal blocks under
all sparsity levels, complying with the identification of the medial frontal, frontoparietal
and default mode modules in Finn et al. (2015). We also implement the universal func-

tional thresholding method. However, compared with fJA, the results of fJU suffer from
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Figure 1: Estimated sparsity structures in s A using soft functional thresholding rule at fluid

intelligence gF < 8 and gF > 23: (a)—(b) with the corresponding A selected by fivefold cross-

validation; (c¢)—(f) with the estimated functional sparsity levels set at 70% and 85%.
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(a) gF < 8: the medial frontal module in Fig. 1(e) (d) gF > 23: the medial frontal module in Fig. 1(f)

(b) gF < 8: the frontoparietal module in Fig. 1(e) (e) gF > 23: the frontoparietal module in Fig. 1(f)

(c) gF < 8: the default mode module in Fig. 1(e)  (f) gF > 23: the default mode module in Fig. 1(f)

Figure 2: The connectivity strengths in Fig. 1(e)—(f) at fluid intelligence gF < 8 and gF > 23.
Salmon, orange and yellow nodes represent the ROIs in the medial frontal, frontoparietal and

default mode modules, respectively. The edge color from cyan to blue corresponds to the value

of HE;‘kHS/(HZ?jHSHEQkH‘g)I/Q from small to large.
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the heteroscedasticity, as demonstrated in Section 5 and Section E.3 of the Supplementary
Material, and fail to detect any noticeable block structure, hence we choose not to report
them here. To explore the impact of gF' on the functional connectivity, we compute the con-
nectivity strength using the standardized form Hi;*kﬂg/(Hi?]||5H§2kH5)1/2 for jk=1...,p.
Interestingly, we observe from Figure 2 that subjects with gF > 23 tend to have enhanced
brain connectivity in the medial frontal and frontoparietal modules, while the connectiv-
ity strength in the default mode module declines. This agrees with existing neuroscience
literature reporting a strong positive association between intelligence score and the medial
frontal /frontoparietal functional connectivity in the resting state (Van Den Heuvel et al.,
2009; Finn et al., 2015), and lends support to the conclusion that lower default mode mod-
ule activity is associated with better cognitive performance (Anticevic et al., 2012). See also
Section E.3 of the Supplementary Material, in which we illustrate our adaptive functional

thresholding estimation using another ADHD dataset.
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Supplementary material to “Adaptive functional thresholding for

sparse covariance function estimation in high dimensions”

Qin Fang, Shaojun Guo and Xinghao Qiao

This supplementary material contains the technical proofs for the fully observed func-
tional scenario in Section A, derivations of functional thresholding rules in Section B,
further discussion in Section C, additional methodological details and technical proofs for
the partially observed functional scenario in Section D and additional empirical results in

Section E.

A Technical proofs

Before stating the regularity conditions, we make some notation. For a function Z € S,
define |Z|, = sup, | Z(u,v)|. For two sequences of real processes {a,(u),u € U} and
{b,(u),u € U}, we write a,(u) < b,(u) if there exists some constant ¢ such that |a,(u)| <
c|bn(u)| holds for all n and u € Y. Without loss of generality, in the following we assume

that E{X;;(u)} = 0 and both estimators ijk(u, v) and (:)jk(u,v) are defined as

SIH

n 1 n ~
Z Xik(v) and @]k u,v) = EZ )2 — Sn(u,v)?,
respectively.

Lemma A1 Suppose that Conditions 1— hold. Then for any M > 0, there exists some

constant p1 > 0 such that
log? p _
P{nﬁx > } O(p™).
oe}

Proof. Denote O (u, v) = E{X;;(u)2X(v)2}. We decompose 5 (u, v) — ©jp(u,v) as

~

0,1 — O

ik

C:)jk(u,v) — Ojk(u,v)

= Yy, v)2

z"]{ )2—éjk(u,v)}.

i=1

3I>—‘

1



By Condition 3, ©,,(u,v) = 70,(u)oi(v) for each 5,k =1,...,p. Hence,

(:)jk(u, v) — Ox(u, v)
ij(ua U)
< | Zanl0)? — Sl 0| 11§ X0 Xial0)” — O, )
T0j(u)og(v) n < 70 (u)og(v)

= Hﬁ)(u,v) + H;Z)(u,v).
First, consider the concentration bound for ||H Hoo Denote Y;Jk(u v) = Y (uw)Yir(v) —
Yk (u,v)/{oj(u) 20, (v)V2} and let djg((u, v), (u',v")) = d;j(u, u') + dg(v,v’). Applying The-
orem 8.4 in Kosorok (2008) under Conditions 1 and 2, we obtain that, there exists some

constant Cy > 0 such that | sup,q, [Yi;(w)]||, < C forall j = 1,...,p. By the property of

|H1/)2

1-norm, we have that

1Y () Yir(v) = Yis (@) Yir (V) [,

< Y35 (){Yir(v) = Yie W)}y, + Y (w) = Vi () }Yir ()],

< Vi (@)l y, Yk (v) = Yie (W), + [1Yik (), [V (w) = Vi (u)],
S {dj(u, u') + di(v,0)} = dje((u, v), (/,0)),

which implies that

e
e

ijk‘(u7 U) - }/;jk(ulv U/)

S dji((u, ), (u',0). (S.1)

Note that

ij(u’v):ijkm v) — . (u, v) %Z{ _ Salu,) }

o5 (1) P (v)12 &~ o5 (1) o, (v)12
and for a random variable X and any integer m > 1, E|X|™ < m![X|7'. By Bernstein’s

inequality and Lemma 8.3 of Kosorok (2008), we have that for u,v,u’,v" € U,

Hnl/Q{ij(u, v) — Zi (W, v’)}

< djr((u,v), (u',0")).

P1
For the semimetric d;i, D(e,d;r) < D(e/2,d;)D(€/2,dy) < e *". Applying Theorem 8.4 in

Kosorok (2008) with Conditions 1 and 2 again, we obtain that, there exists some constant

2



C5 > 0 such that

< Cs.
1

This immediately implies that there exist some universal constant C'; > 0 such that for

max

max. sup \n ]k(u v)|

u,veU

any x > 0,

ijk(u, v) — Eji(u,v)
j(u) 2oy (v)1/?

J:k u,veU

P {max sup

> a:} < p?exp{—Csn'?z}.

As a result, for any M > 0, there exists some constant p; > 0 such that

S u,v) — 2ip(u, v lo _
(1, 0) = Syplw )| ig’}wp " $2)

oj(u) 2o (v)1/2

Jk u,vEU

P {max sup

Observe that

f]jk.(u, v) — Eji(u,v)
aj(u) 20y (v)'/2

~ 2
Yjk(u,v) — Eji(u,v)

2
o (W) o) 2|

)

aj(u)ox(v)

ijk(u, v)? — X (u, U)Q‘

since | X (u, v)| < 0;(u)205,(v)Y2. By the inequality (S.2), we have that

logp | Llog’p| _ _
P{max HH HOO > 2P 172 + 52 o <p M (S.3)

We next control the bound for HH Hoo through the truncation technique. Note that

~

Ok (u,v)

oj(u)or(v)”

Xij(u)? X () —
aj(u)oy(v

Define that Y5 (u) = Yi;(u)l {HYz‘jHoo < Cylog'?(p v n)} and

?( %y ) Yielv)?

Z5(u,v) = Y (u)*Yi(v)* — B{Y; (u)*Yi(v)*}.

By the property of ¢-norm and Y7 (u)* — Y (u')?| < 2C,4 log"*(p v n)|Yii(u) = Yi(u)l,

we have that

i3 = VE)PYE(P,

H WY () = Vi), + Y5 (w)? = Y)Y )],
< log(p v n){HYJ(U)HW Vit (0) = i)y, + 120 [V ) = Y50, §
< los(p v m){d;(u, ') + di(v,)} < log(p v n)dse((u,v), (', v'),

3



which implies that, similar to (S.1),

| Z5i(u, 0) = Zi (o', )|, < Tog(p v n)din((u, v), (u/,0)).

Let Z%(u,v) = n~' 23" Z%,(u,v). We apply the similar technique of Zj; above to the
term Z% and obtain that there exists some universal constant Cs > 0 such that for any

x> 0,
Z;"k(u, v)
log(p v n)

As a result, for any M > 0, there exists some constant ps > 0 such that

3k u,veU

P {max sup

> x} < pPexp(—Csn%z).

_ ~ logz(p v n)
P Vi D8 WV <)M,
{Hﬁxsg\ o (u,0)| > o s <p

Now we consider the bound of the term |Y;;|. By Conditions 1-2 and Theorem 8.4 of

Kosorok (2008), we immediately have that there exists some constant Cs > 0

max
1<i<n,1<j<p

< 067
2

sup [Yi;(u)]
ueld P

which also implies that there exists some constant C; > 0 such that for any = > 0,

P{ max ||V (uw)]e > x} < npexp(—Crz?).

1<i<n,1<j<p

Hence we obtain that for any M > 0, there exists some constant Cy > 0 such that

P{ max | Yie > Cylog"?(p v n)} <S(pvn)™M. (S.4)
»

1<i<n,1<5<
On the event

Qo= { _max Vil < Cilog"(p v )},

1<i<n,1<j<p
we find that
Y (0)¥in(o)? = Dy ey — BV 02Vt
oj(wor(v) Y7 v

+ B{ Y2 ()Y (0)? — Yig(w)*Yaul0)?}.
Note that Y¥(u)? — Y;;(u)? = Yi;(w)2I{| Yy > Cslog"?(p v n)}. By the inequality (S.4),
we can obtain that
BV ()2 (0)? = Y)Y @)} < (v ) ™.

4



Therefore, for any M > 0, there exist some constant p3 > 0 such that

_lo 2(pvn B
P{max |HD], > pgw} <, (9.5)

1<j<p nl/2
Combining (S.3) and (S.5), we obtain that for any M > 0, there exists some constant

p1 > 0 such that

~

6,1 — Oy

ik

log?(p v n) } <M

P1 n1/2

P {max
j’k
The proof is complete. o

Lemma A2 Suppose that Conditions 1-4 hold. Then for any M > 0, there exist some

constant ps > 0 such that

12 Al/2
e -8 g 08P (5.6)
. A2 1/2 :
j.k @jé . nt/
with probability greater than 1 — O(p~™),

Proof. Let the event Q,(s) = {|(©;r — O;1)/Oillw < slog?p/nY2 < 1/2}. For any
M > 0, it follows from Lemma Al that there exists some constant p; > 0 such that

P{Q,(p1)} =1 —O(p~™). Since

~

0,1 — O
O.1

O

~

O,k

Ojk

Ojk

kL
0,1

+1,

0

~

o0 o0

hence, on the event €, (p;), we have that H@jk/éjk”oo < 2. As a result, on the event 2,,(p1),
it follows that

12 Al)2
@jk _@jk

\1/2
CHA

log®p
<2

O — Oji
N N1/2 ~1/2
6, + 657057

Ojk

Ojk

_ |9k~ 6
O

0 0 0

Take ps = 2p; and the proof is complete. o

Lemma A3 Suppose that Conditions 1/ holds. Then for any M > 0, there exist some

10 1/2
<p3< gp)
n

S

positive constant ps > 0 such that

Sik — S

N1/2
Y

max
j?k

with probability greater than 1 — O(p~M),



Proof. Let }N/ijk(u, v) = Yi(w)Yir(v) — 2y (u, v)/{o;(u)?05(v)/?} and

_ S, v) — Dip(u,v) 1 &
Zin(u,v) = o ()2, (v)1/? EZ

We first derive the concentration bound of | Zj||s. It follows from the proof of Lemma A1l

that there exists some constant Cy > 0 such that

max

< (k.
7.k

sup
u,veU

Yljk(u U)’

‘wl
which further implies that max; H H)N/lij SH < (Cg. As a result, it follows from Theorem 2.5
Y1

of Bosq (2000) that there exists some universal constant Cy > 0 such that for any > 0
P (Hijus > z) < 2exp{—Cynmin(z?, z)}.

For any M > 0, there exists some constant p > 0 that

2l <o (222)" 9

—M>‘

with probability greater than 1 — O(p

Now we derive the bound of H ik — 2k /@1/2H Note that Condition 3 implies that

+1>_
0

Hence, together with (S.7) and Lemma A2, the lemma follows. The proof is complete. o

Ok(u,v) = 70;(u)or(v). We obtain that

A~

Yk — 2ijk
~1/2

~

Yk — Mijk
12

1/2
@jk
~1/2

/2 Al/2
@jk’ Mgk
~1/2
ik

< |2, (

S S 0

Proof of Theorem 1. For easy representation, define

~ ~ PP >
Dy (u,v) = i) Dy, (u,v) = M and Qi (u,v) = —]k(uyvl)/z‘-
O, k(u )12’ O (u, v)1/2 O (u,v)
Let
N~ O — O 1
Oy = {rrjy’%x [P — Pji|s < /\},Qn2 = {H}%X T < 5} :
0

It is immediate to see that under the event Q,5, 270,10 < Héijoo < 2|0 for all j

and k. By Conditions 1-3, we have Oj;(u,v) < C'o;(u)ok(v) and Oj;(u,v) = 70, (u)ok(v)



Then under the event €2,; N Q2 and Conditions (i)-(iii) on S\(Z), we obtain that

]k JkHS

p
HZ — SielsI{®sulls = A} + . 155kl sI{@slls < A}

I
M*@ TM% I wa

N

{HsA(quk) — Djlls + [|Pjr — ]kHS} H@1/2H I{|®jels = A, |®julls = A}

k=1
S £ Y 1/2

+), \[smm — i I{H%HS A gells < A} + Z [ZswlsI{150ls < 27}
k=1

& 1/2 C \1/2

< 2 2085, 1{1%5ls = Z (1+ ) Dl 1955 o {1 D5l s < A}

k=1 1

+ Z 150l s| €57 T{IBjells < 27}

1—¢q

~ ~ p _ _ 1 2
< 2 S Ol = 37 Y ol g < o) (ME2) T

Since there exists some constant 6 > 0 such that P{QS} + P{Q%,} < p~™, the theorem

follows. o
Proof of Theorem 2. We consider two sets: S, = {(J, k) : HE s # 0 and [|Zj)s =

0} and S, = {(4,k) : HE |s = 0 and |2,/ s # 0}. It suffices to prove that
P(|Sn1| > 0) + P(|Sn2| > 0) — 0,

as n,p — o0. By Conditions (i)-(iii) on S\(Z),

: S, . S — 3,
Sp1 = {(]7k) : Alj/kg > A and szk”S = 0} - {(]ak) : ]ICT/Q]’C > )\}
Jjk lls Jk S
Therefore, with the choice A = §(log p/n)"/?, we obtain
Sy
P(|Su]| >0) <P {max JRT/Q]IC > )\} <p ™. (S.8)
h O S

for some prespecified M > 0. Similarly, we have

ik
~1/2
ik

Sn2 = {(]7 k) :

§ /\ and ||ij||5 75 O} .
S



Note that |X;;|s # 0 implies that

log p 1/2
(25+7)< ) < <
n
S

Let Q.3 = {H( ey — @1/2)/@1/2H00 < } for some small constant 0 < € < /(40 + 27).

~1/2
1/2

~1/2

ik

Sik — Sk
1/2

~1/2

(S.9)

S S 0

Conditioned on the event of 2,3, the inequality
A1/2
1/2

A\1/2 1/2
~1/2

A\1/2
6

+1
12
© ij

oe]

o]

implies that ||© 1/2/@1/2\\00 < 1/(1 —¢€). This together with (S.9) shows that

S v 1/2
STLQ M QnS c {(]7 k) : _Ejk/\l E]k > 5 (logp) } .
o2 n
gk S
As a result,
f)k—Ek log p 1/2
P(|Sna| > 0) < P(QS) + P max W > 6 ( - ) <p ™. (S.10)
s

jk S

Combining (S.8) and (S.10), we complete our proof. o

B Examples of functional thresholding operators

In Section B.1, we verify that our proposed soft, SCAD and adaptive lasso functional
thresholding rules satisfy conditions (i)—(iii) in Section 2. We then present the derivations

of these three functional thresholding rules in Section B.2.

B.1 Verification of conditions (i)—(iii)

It is directly implied from the thresholding rules that the soft, SCAD and adaptive lasso
functional methods satisfy condition (ii). Since the soft functional thresholding has the
largest amount of functional shrinkage in the Hilbert—Schmidt norm compared with SCAD
and adaptive lasso methods, it suffices to show that the soft functional thresholding satisfies
condition (iii). For |Z]|s < A, the thresholding effect leads to [0—Z|s < A. When | Z]|s > A,

we obtain that |Z\/||Z|s|ls = A



We next show that the above three thresholding methods satisfy condition (i). By the

triangle inequality, | Z — Y|s < A in condition (i) implies that || Z]s — A| < [|Y]s.

e Soft functional thresholding: If | Z]s < A, 0 < ¢||Y|s directly holds for all Y € S and
¢ > 0. When |Z|s > A, we have |[s3(2)|ls = |Z]ls — A < |Y|s with the choice of

c=1.

e SCAD functional thresholding: When ||Z||s < 2\, $39(Z) is the same as the soft
functional thresholding rule. For | Z||s > 2\, we have [s3°(Z)|s < | Z]ls < [[Y]|s+A <
|Y|s + || Z]s/2 and hence ||s3°(Z)|s < |Z]|s < 2|Y|s. Combining the above results,

we take ¢ = 2.

e Adaptive lasso functional thresholding: Let [n] denote the smallest integer greater
than or equal to 7. For ||Z]s < A, this condition holds for all Y € S and ¢ > 0. For

|Z]ls > A, we have that |s3*(Z)|s = | Z(1L=A"/| Z|E )]s = (12§ =27/ 2]§ <

(1257 = A0y 1z = (1 Z)s = N (1215 + 1 Z)87 N+ A /)28 < (] +

1)|Y|s. Hence, for any n = 0, we can find ¢ = [n]| + 1. In the special case of n = 0,
s3¥(Z) degenerates to the soft functional thresholding rule with ¢ = 1, which is

consistent with our finding for the soft functional thresholding.

B.2 Derivations of the functional thresholding rules from various

penalty functions

Soft functional thresholding can be obtained via
(1
3 (Z2) = argmm{QHG—Z%—i-)\\@]g}. (S.11)
0eS

First, we show that if | Z|s < A, then ||s3(Z)|s = 0 and hence s3(Z) = 0. This results from
the fact that, for any 6,

1 9 1 2

10— 2+ Mols > 5 (101 — 1Z]s)” + Alols

1 1 1
= S0 + (= 1Z15) 0l + 51213 > 51213,



Second, we show that if |Z]s > A, then ||s3(Z)|s # 0. In fact, we can find 0. = ¢Z with

c=1—-M\/|Z|s > 0 such that
1 2 1 2| 712 Lo
S0 = Zls + Albels = 51 = )| Z]s + Al Z]s < 5] Z]s.

As a result, we are able to take the first derivative of (S.11) with respect to € and set
Py(0) = 0 — Z + A0/|6s = 0. Thus, & = Z|f]ls/(|]s + A), which implies that |0]s —
|Z|ls — A. Combining the above results, we have that 0=2(1- M|Z|s)s+-

The SCAD and adaptive lasso functional thresholding rules can be derived in a similar
fashion. Hence, we only present their penalty functions here. The functional version of

SCAD penalty takes the form of

2aA[0]s — 65 — X*

N(a+1)
2(a—1) !

pa0) = AlOlsI([0ls < A)+ 5

I(A < [blls < ad)+ (10]s > aX),

for a > 2. For the functional version of adaptive lasso penalty, we use py(0) = A7 | Z|5"[0] s,
for n > 0. A similar adaptive lasso penalty function operating on | - | for the univariate

scalar case can be found in Rothman et al. (2009).

C Further discussion

C.1 Supremum-norm-based class of functional thresholding op-

erators

In general, conditions (i)-(iii) are satisfied by a number of solutions to (1), where the
presence of | - |s in both the loss and various penalty functions leads to the solutions
as functions of |Z|s. Such connection demonstrates the rationale of imposing Hilbert—
Schmidt-norm based conditions (i)—(iii). For examples of functional data with some local
spikes, one may suggest another class of functional thresholding operators §,(Z) satisfying
three supremum-norm based conditions analogous to conditions (i)—(iii), where, for any

Q € S, we denote its supremum norm by [Q[. = sup, g, |Q(u,v)|. In this case, 5x(Z)

10



can not be directly derived as the solution to (1) with py(0) = pr(||0]). However, by
substituting || - ||s in s3(Z2), s5°(Z) and s3~(Z) with | - |, the corresponding supremum-
norm based functional thresholding rules can be presented and checked to satisfy three
conditions for §,(Z) in a similar fashion. To study theoretical properties analogous to
Theorems 1 and 2 in Section 3, the main challenge is to establish concentration bounds
on some standardized processes in the supremum norm, where our tools and results in
Section A of the Supplementary Material can be applied accordingly. In this regard, the
| |ls that we adopt in s)(Z) is not necessarily the unique choice, but serves as the building

block for the sparse covariance function estimation problem.

C.2 Additional applications

The fourth interesting application considers estimating functional graphical models tar-
geting at identifying the conditional dependence structure among components in X;(-).
Qiao et al. (2019) proposed to estimate a block sparse inverse covariance matrix by treat-
ing dimensions of X;;(-)’s as approaching infinity. However, to deal with truly infinite-
dimensional objects, it is desirable to avoid the estimation of the unbounded inverse of 3.
For Gaussian graphical models, an innovative transformation (Fan and Lv, 2016) converts
the problem of estimating sparse inverse covariance matrix to that of sparse covariance ma-
trix estimation. It is interesting to generalize this transformation strategy to the functional
domain and hence our sparse covariance function estimation approach can be applied.
The fifth potential application considers the functional classification problem when esti-
mating the covariance function plays a key role, e.g., functional linear discriminant analysis
to classify univariate functional data (Park et al., 2021). One natural way to deal with clas-
sification for multivariate functional data {X;(-)}/; is to concatenate multiple functions
directly and then generalize the univariate functional classification methods to the mul-
tivariate setting by making use of the estimation of 3. When p is large, it is thus of

interest to incorporate the proposed sparse covariance function estimation framework into

11



the development of the classification approach for a large bundle of curves.

D Partially observed functional data

Section D.1 gives the expression of the local linear surface smoother for the cross-covariance
estimation. Section D.2 presents the details of pre-smoothing for densely sampled functional
data. Section D.3 provides all technical proofs for the partially observed functional scenario.

Section D.4 presents the heuristic verification of Ij; in (12) and Condition 8.

D.1 Local linear surface smoother

We use (7) to derive the expression of its minimizer. Recall Ty ;5 and Sgp jx in (8) and (10),
respectively, for a,b =0,1,2,¢=1,...,nand j,k =1,...,p. To minimize the objective in
(7), some calculations lead to the resulting estimator

(SQOSOQ B 5121>T00,ijk - (SIOSOQ - SOlsll)TIO,z’jk + (SIOSH - SOIS2O>T01,ijk

5.
Tk (S2OS02 - 8121)500 - (SIOSOQ - 501511)510 + (SIOSH - SOISQO)SOI

D= 1D

Il
—_

(S.12)

(Wi ik To0,i56 + Wa ik Tho.iik + Wa ik To1.ijk)

(2

where we drop subscripts j, k in S ji’s to simplify the notation. Note that, under Model (19),

Sabjk’s no longer depend on j, k, and hence subscripts j, k in Sgp 1’s can be dropped.

D.2 Pre-smoothing

When each random function X;;(-) is densely observed with errors satisfying Model (6),
the commonly adopted pre-smoothing approach applies local linear smoother to estimate
each X;;(-) before subsequent analysis. The reconstructed individual function is obtained

~

by X;(u) = ag, where

S . 2
(G, a1) = argmlnz {Zijl —ap — a1 (Ui — u)} K, (Uy — ).
ag,a1 =1

12



Lot Toij(u) = 424 Ky (Ugt = w)(Usji— ) Zii and S, 35(u) = 335 Koy (Usgy — w) (Ui —u)?
for a = 0,1, 2. Solving the minimization problem above yields that

¢ () = S2is(WToi (1) — S1,45(w) T 5(w)
Hulw) S i5(u)Soij(u) — {Sri;(u)}?

Under the simplified model in (19), we drop the subscript j in L;; and S, ;; in the expression

of )A(U(u) above. For an equally-spaced grid of R points u; < --- < ug € U, the binned
approximation of )?U(u) is

_ Soilw) o) = S1i(w)Th,i5(w)
B §2¢(u)§0,i(u) - {gl,i(U)P
where Taw(u) = 27{11 Ky (uy — u)(u, — u)*D,;; and §az(u) = 27{11 K (uyp — u)(u, —

Xij(u)

)

u)®w, ;. See also Table 7 for the computational complexity analysis of the pre-smoothing
based on local linear smoother and its binned implementation, denoted as LLS-P and

BinLLS-P respectively, under Models (6) and (19).

Table 7: The computational complexity analysis of LLS- and BinLLS-based pre-smoothings

under Models (6) and (19) when evaluating the reconstructed functions at a grid of R points.

Number of Number of operations
Method  Model

kernel evaluations  (additions and multiplications)

LLS-P (6) ORI 251 Lij) ORI, 25— Lij)
LLS-P (19) O(RY) | L) O(pR>; | L;)
BinLLS-P  (19) O(R) O(npR* +p | L;)

D.3 Technical proofs

Proof of Theorem 3. Define

Kpu(wv) = =200 Ky = 200 g () = i)
\I/jk(u,v)l/z \I/jk<u,y)1/2 \Ifjk(u,v) /
Let
- 1
O, = {max A — Aji|s < )\}, Oy = { max |2F ik~ b
o0




First, we can obtain from Condition 8 that P (ﬁ%) = 0o(1). Note that

Sk — Sk S — S| [V & v -0
L O S I [ fe e O
] /2 \IJl./2 \Ijl./Z S \Ijl'/Q
gk S Jk sl =ik Nl gk 0

It follows from Condition 7 that there exists some constant & > 0 such that P{(in)c} =
o(1). We also can see that under the event Qa, 27 Wikl < [Vjklw < 2910 for all j

and k. Then on the event €2,,; N Q.5 and Conditions (i)-(iii) on Sy(Z), we obtain that

p ~
DS - Sills

k=1
p p
= > 185 = SilsH{Akls = A} + Y 1S lsT{IAklls < A}
k=1 k=1
& e e e 1/2
<> {”S)\(Ajk) — Njills + [ A — Jk”S} 1O T A ks = A [Ajells = A}
k=1
p
+ 27 s Ban) = R ”2(\ K Rsells > A JRaells < A} + 2 Siels {1 Rls < 22}
k=1
< 1/2 S ~1/2
Z 2T T Aals = Z (1 + Rulls T3 oo T{ Ak lls < A}
p

+ 2 |l [ @52 I {1 Ak]s < 2X)

1—q

P - 1 =
S IRl =S 8 i < ) (S52)

k=1 k=1

Theorem 3 follows. ©
Proof of Theorem 4. Consider two sets: Sp; = {(j, k) : ||E wls # 0 and [X;]s = 0}

and S,s = {(j, k) : HZ ls = 0 and || s # 0}. It suffices to prove that
P(|Su] > 0) + P(|Su| > 0) — 0,

as n,p — 0. By Conditions (i)-(iii) on S)\(Z),

~ ~

N s ey | B
sm={u,k>: = >Aand|2jkus=0}c{<mk>: e >A}
ik s Vi s

Therefore, with the choice A = 6(logp/n®")"2, we obtain
Sik — Sjk

P(|Su|>0)< P {max i
ik

gk

>A}=dn, (S.13)
S
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as stated in the proof of Theorem 3. Similarly, we have

Sy = {(j,k:):

ik
~1/2

< /\ and ||ij||5 sﬁ O} .
ik
Note that |2, s # 0 implies that

~ log p 1/2
(26 +7) <n271 ) < <
S S

Let Qn3 = {H( gz ‘111/2)/\111/2]\oo < } for some small constant 0 < € < /(40 + 27).

S

T.1/2
0

1/2
v

=
1/2
v

Sk — Sk
T1/2
\Ifj,é

S
T,1/2
o

(S.14)

S 0

By Condition 8, P{(Qng)c} = 0(1). Conditioning on the event of (3, we can see that

\\\111/2/\111/2“00 < 1/(1 — €). This together with (S.14) shows that

~ ~ . S - (logp 1/2
SngﬁQngc{(j,k)i ]’CTﬂ]k >5(n2‘ﬂ) .
Jk S
As a result,
~ S — 2 < (logp\'"?
P(|Sn2| > 0) < P{(3) }+P{n}%x % 5<n§f> }:0(1). (S.15)
Jk S

Combining (S.13) and (S.15), we complete our proof. o

D.4 Heuristic verification of I;; in (12) and Condition 8

In this section we provide the heuristic verification of I, in (12) and Condition 8 as their
detailed proofs are not only long and challenging but also largely deviate from the current
focus of the paper.

Recall that

n
~ 2
Vi = L Z (Wi ik Vooise + WoikVioue + WaieVorije)

i=1
where, for a,b = 0,1, 2,
Lij Ly N
abz]k u, U Z Z Gab hc; u, U (Uijlinkm)){Zileikm - Ejk(uav)}v
i=1m=1

gav{h, (u,0), (Uiji, Uikm) } = Kn(Uiji — @) Kp (U, — 0) (Uije — 0)* (Ui, — v)"

15



The expression of \Ifjk in (11) can be decomposed as

n
2 2
LWy ik Z Voo ijk T L3 ik Z Vi ajke T LW sk Z Vot .k

i=1 =1 =1

SH
Il

jk

n
+21. Wi 16 Woa i Z V00,8 V10,658 + 2L Wi i1 W Z V00,18 Vo1,ijk

i=1 i=1

n
+21, W i1 W3 i, Z Vio,ikVot,ijk

i=1

(1) | =2 =(5) | (6)
- \Ilg'k) T ‘I’ﬁk) o H Wy ‘ng : (S.16)

We first focus on the term \Tfﬁ) For a,b = 0,1, 2, define

5

lag
Mk

J

Va(iﬁjk(u,v) = Gab h07 u,v) (Uijl:Uikm)){Zileikm - Ejk(U,U)}a

S
Q.
K‘

Va(b%zjk(ua U) = Gab (hC’7 (U, U)? (Uijb Uzkm)) {ij(ua U) - ijjk(ua U)}

1m=1

T
3

The term \Tfﬁ) can be re-expressed as

~ (1) % 1 2 = 2 2 % (1 (2)
\Ijjk = ]jkWIQ,jk Z {Vo(o,)ijk} + IjkWIQ,jk‘ Z {Vo(o,zj‘k} + 2]jk:W12,jk Z Voo,)ijkvoo,ijk

i1 i_1 -1
= Djri+ Djpo+ Djis. (S.17)

(a) Verification of I;;. To show the rationale of imposing the rate Ij; in (12), we need

to verify that

Ly, 2 (Wi ik Voo,iie + WajkViouk + WS,jk%l,ijk)2 =1+o0p(1). (S.18)

i=1
for each u,v € Y. Denote by 7, = > | LijLix. Recall that

Lij L

n ik
Sab,jk(u, v) ZZ Z gav{he, (u,v), Uijt, Uikm) }-
i=1]=1m=1

It can be shown that Su jx(u, v) = fih& {1+ 0p(1)} for a,b = 0,1, 2, which together with

(S.12) implies that

Wi jk(u,v) = ﬁj_kl{l + 0p(1)}, Wajk(u,v) = Ws jg(u,v) = ﬁj_klhal{l + 0p(1)}. (S.19)
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Similarly, we can also show that

Lij Ly,

" 2
Z { 2 oo (hC’; (u,v), (Uijla Uikm))}
i=1 = l=1m=1
n Lij Ly
= I KR (Ui — w) KR (Ui — 0)
i=11=1m=1
Lij Ly
+ Z K}%C(Uijl — ) K, (Uikm — 0) Kpe, (Uiky — v)
i=11l=1m'#m
Ly
+3) Ko (Uit — ) K (Ui — ) K3, (Ui — 0)
i=11£ m=1
Lij Ly

+ 2220 20 KnoUii = w) Ko (Usem = 0) Kng (Ui = ) K, (Usgns — )
. {Z (LijLishe® + L2 Lahgh + Ly Lhe' + L;Lfk)}ﬂ +op(1)}. (S.20)

y (S.19) and (S.20), we obtain that

n  Lij Ly
Wfﬂcz {Z Z goo (hes (u, ), (Ui, Uikm))}2 = [j_kl{l +op(1)}, (S.21)
=1 I=1m=1

which together with X4 (u,v) — i]jk(u,v) = op(1) implies that D, = op(1) and Djj 3 =
op(1). Note that E{Zl’leikm — Ejk(u,v)}2 is bounded. Together with (S.19) and (5.20),
we can also show that Djjq(u,v) = 1 + op(1). Combining the above results yields that
\T/ﬁ) = 14o0p(1). In a similar fashion, we can also show that \nglk) =14o0p(1)fori=2,...,6
n (S.16) and hence (S.18) follows.

(b) Verification of Condition 8. To verify the uniform convergence rate in Condition 8,
we need to refine our analysis above to construct the exponential type of tail bounds on
\lek(u, v) — W, (u,v) at each (u,v) € U? rather than the consistency results in (a).

Consider the first term Djy 1 (u,v) = (Wi jx)? x Lipi? ?:1{‘/0(01,1]‘1@}2 in (S.17). Note
that by (S.19) 7njx|Wi k| is bounded with an overwhelming probability. Suppose that
X;j(+)’s are sub-Gaussian processes and ¢;;;’s are independent sub-Gaussian errors. Since
{Vo(olgjk(u, v),i = 1,...,n} forms an independent sequence, we can obtain the tail bound

on Dji1(u,v) —E{Djx1(u,v)} by calculating all ¢g-th moments of (;;, = {Voo (U )}2 —
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E[{%(Olijk(u, v)}Q] for ¢ = 2,3,4, ... under regularity conditions. Since (;;;’s are either sub-
Gaussian or sub-exponential, we can follow the similar techniques to prove Lemma 5 of Qiao
et al. (2020) by adopting a truncation technique and then applying Bernstein inequality
(Boucheron et al., 2014) to establish a rough exponential type of concentration inequality
(i.e., the equipped tail bound is in the same form of the exponential tail bound in (17))
for Djr1(u,v) at each (u,v) € U* Similarly, we can also derive the exponential type of
concentration inequality for the third term D, 5(u,v) in (S.17).

Consider the second term Djio(u,v) in (S.17), which can be re-expressed as

Lij L

n ik 2 2
Djk’Q(U v) = 21; le] Z{Z Z Gab hc, u U (Uijlank:m))} {ij(u,’u) - Ejk(u,v)} .

Note that it follows from (S.21) that Iz W, 33" | {Zz kL Gab(he, (u,v), (Ui, Uikm))}2
is bounded with an overwhelming probability. Then the exponential type of concentration
bound on Djjo(u,v) at each (u,v) € U? can be obtained through the exponential type tail
bound on ¥, (u, v) — ijk(u, v), which has been established in Qiao et al. (2020), see details
in proofs of its Lemmas 4 and 5 under the sparse and dense designs, respectively.

To derive the uniform (i.e., over U?) concentration inequality for \Tlﬁ) (u,v) in (S.17),
we can apply the partition technique that reduces the problem from supremum over U? to
the maximum over a grid of pairs and then follow the similar developments to prove the
uniform concentration inequalities in Lemmas 4 and 5 of Qiao et al. (2020). In a similar
fashion to the above procedure, we can develop the corresponding exponential type of
uniform concentration inequality for \Il( w(u,v) for i = 2,...,6. As a result, the exponential
type of uniform concentration inequality for \T/jk(u, v) can be obtained.

The uniform convergence rate in Condition 8 is implied by the exponential type of
uniform concentration inequalities for \lek (u,v) for each j, k, which partially depend on the
uniform concentration bounds on ijk(u, v)’s. In a similar spirit to the L, concentration

bounds on ijk(u, v)’s implied by Condition 7, we consider the uniform convergence rate of
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~

Yik(u,v),
~ [logp 9
12%);})5:}15/{ ij(u,'u) — Ejk(u,v)‘ = Op ( W +h 5 (S22)
which is satisfied if there exists some positive constants ¢; for i = 6,...,9 and v, € (0,1/2]

such that for each j,k =1,...,pand t € (0,1],
P{Supweuﬁjk(u, v) — Xk(u,v)| =t + 08h2} < en® exp(—cgn®'t?). (S.23)

Larger values of v; correspond to a more frequent measurement schedule and hence faster
rate in (S.22). For sparsely sampled functional data, it follows from Lemma 4 of Qiao
et al. (2020) and the same proof technique for j # k that (S.23) holds by choosing v, =
1/2 —a and ¢ = 1 + 2a with h = n™* for some positive constant a < 1/2. For densely
sampled functional data, it follows from Lemma 5 of Qiao et al. (2020) and more efforts
for j # k that (S.23) holds with the choice of 71 = min(1/2,1/3 + b/6 — ¢//2 — 2a/3) and
co = max(1,2/3 — € —b/3 +4a/3) for some small constant ¢ > 0 when h = n~% and L = n®
for some positive constants a, b.

Following the proof procedure described above, we can establish exponential type of
uniform concentration inequality for \Tfjk(u,v) for each j,k in the same form as (5.23)
but with different positive constants and in particular v, € (0,1/2], which will result in
the uniform convergence rate in Condition 8. It is worth mentioning that such heuristic
analysis can only help us establish uniform concentration inequalities for \lek(u, v)’s leading
to the sub-optimal rate. Investigating the corresponding optimal rate through the precise
specification of the largest values of v under different measurement schedules or more
generally through n, h and possibly L for the dense case is quite challenging and remains

an open topic to be pursued in the future.
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E Additional empirical results

E.1 Applications of sparse covariance function estimation

In Section 2.3, we summarize the usefulness of our functional thresholding proposals in
more general statistical frameworks involving the sparse estimation of ¥ to handle high-
dimensional functional data. In Sections E.1.1 and E.1.2, we conduct simulations to demon-
strate the significantly improved finite-sample performance of functional-thresholding-based
estimators using two applications of the sparse covariance function estimation including
multivariate FPCA (Happ and Greven, 2018) and multivariate functional linear regression

(Chiou et al., 2016), respectively.

E.1.1 Multivariate FPCA

Before presenting the methodology, we first solidify some notation. Denote the p-fold
Cartesian product defined on U by H = Lo(U) % -+ x La(U). For any f, g € H, we denote
the inner product by (f,g) = { , f(u)"g(u)du and the induced norm |-|| = (-, M2 Following
the proposal of Chiou et al. (2014) and Happ and Greven (2018), we consider a normalized
version of the Karhunen-Loéve expansion for multivariate functional data in (3), which
accounts for differences in degrees of variability among the components of the multivariate
random functions, i.e.

w0

Xi() = lZsz-zW@(-),
-1

where E{X,(-)} = 0, the weight matrix W = diag(w,,--- ,w,) with each w; = HEjo%Q,

{¢,(:)};=1 are a sequence of orthonormal functions with (¢, ¢,) = I(l = I'), and &;’s
are mean-zero principal component scores obtained via & = (W™1X;, ¢, for [ > 1 with
cov(&u, &) = mI(l = 1'). Here {(m, ¢,(-))}2, are eigenvalue/eigenfunction pairs satis-
fying §, WS (u, v)W~'¢;(v)dv = mep(u) and eigenvalues are sorted in descending or-
der my = my = -+ > 0. Let ¥ be some legitimate estimator of 3, for example, we can

take 3 as adaptive functional thresholding estimator N (denoted as AdaFT) or univer-
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sal functional thresholding estimator o (denoted as UniFT) or sample covariance func-

tion estimator S (denoted as Sam). Define W = diag(wn, - -+ ,w,) with w; = Hf]jojlf

Performing eigen-decomposition on II(u,v) = W18 (u, v)W1, we obtain the estimated
eigenvalue/eigenvector pairs {(7, qAbl())};’ll with 71, > -+ = 7,. It is worth mentioning that
the proposed functional thresholding estimators may not be positive-definite. To guarantee
the positive-definiteness of f[, we follow the technique adopted in Chen and Leng (2016)
to replace each 7; with its adjusted version 7, — 7, if 7, < 0 before subsequent analysis.

We next present the data generating process. The multivariate functional data {X;(-)}",

for p = 50 and n = 100,200 are generated by the same procedure as in Section 5. Specif-

ically, we generate functional variables by X;;(u) = s(u)"0;; fori =1,...,n,j =1,...,p
and u € U = [0,1], where s(u) is a 10-dimensional Fourier basis function and each
0; = (67,...,0;)" € R'% is sampled from a mean zero multivariate Gaussian distribution

with block covariance matrix £ € R'%?*1%_ The (j, k)-th block of Q is 2, = w;;D € R!?*10
with D = (Dy)10x10 = diag(2,1,372...,1072) for j,k = 1,...,p, where w;;’s are generated
according to Model 2 as specified in Section 5.

We examine the performance of multivariate FPCA based on AdaFT, UniFT and Sam
in terms of their relative estimation errors, i.e., |7, — m|/m (with m = 300) for eigenvalues
and Hg?)l — sign({¢,, (Aﬁl>) - ,|| for eigenfunctions. To be specific, &, and 3, are computed
using the adaptive lasso (with n = 3) functional thresholding rule with the associated
N's selected by fivefold cross-validation. The numerical results are summarized over 100
Monte Carlo runs. Figure 3 displays boxplots of the relative estimation errors for the top
7 eigenvalues and the corresponding eigenfunctions. A few trends are apparent. First,
two functional-thresholding methods give substantially improved accuracies for estimated
eigenpairs compared to the baseline Sam, which fails to detect the functional sparsity
pattern of 3, and hence results in elevated estimation errors. Second, even with the
implementation of the weight matrix \/7\\7, AdaFT provides better overall performance than

UniFT especially for sufficiently large n. This again demonstrates the superiority of AdaFT
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over UniFT in the sense that 3, can capture the pointwise variability of ijk(u,v) more

precisely.

E.1.2 Multivariate functional linear regression

We first present the methodology for multivariate functional linear regression in (4). Under
orthonormal basis functions {¢;(:)};>1, we expand the functional coefficient vector 3(-) =
Yo kW, (+), where k; = (W, ¢,), and rewrite (4) as
q ©
- f Xi(u)"B(u)du + ¢; = Zfil“l + Z Cuki + €, =& K+ R + ¢,
u =1 l=q+1

where ¢ is the truncated dimension, §; = (§1,...,&,)" and k = (Kk1,...,K)". Let Y =
(Y1,...,Y,)" € R" and E € R"*? with its row vectors given by &,,...,&,. We further
represent (4) as

Y =Exk+R +e¢, (S.24)

where R = (Ry,...,R,)" € R" and € = (€q,...,€,)" € R™ correspond to the truncation and

the random errors, respectively. We implement standard three-step procedure to estimate

22



B().
Step 1. Perform multivariate FPCA on {X;(:)}/,, thus obtaining estimated eigenfunctions
{a)l()} and estimated principal component scores &; = <\/7\\7_1X2-, abl> Select ¢ such
that the cumulative percentage of the largest ¢ estimated eigenvalues exceeds 90%.

Step 2. Replace E in (S.24) by = = (éﬂ)nxq and obtain the least-squares estimator of Kk as

A~ AT R R
E)TEY = (A1, ..., Rky)"

Step 3. Recover the functional coefficient vector by B() =37l /%l\/i/'_l:bl().

We next generate simulated data for model (4) using the same multivariate functional
predictors {X;(-)}"; as in Section E.1.1. For each j, the associated functional coefficient
is generated by (;(u) = s(u)™b;, where components in b; = (bj1,...,bj10)" € R¥ are
sampled from the uniform distribution with support [—r;, —0.57] U [0.5r;, 7] and 7, = Dy,
for [ =1,...,10. The scalar responses {Y;}_; are generated according to (4), in which the
random errors ¢’s are sampled independently from A(0, 1).

We assess the performance of AdaFT-, UniFT- and Sam-based methods in terms of both
estimation and prediction accuracies. We implement Step 1 following the same procedure
as in Section E.1.1 to estimate X (-, ) and then Steps 2-3 to estimate 3(-). The estimation
and prediction accuracies are measured by the relative estimation error |8 — 3|/ 8| and
root mean squared prediction error (rMSPE) of an independent test set {(X;(-),Y;)}2%
generated by the same model, i.e. {3720 ((X;, B) — Y;)?/200}1/2, respectively. The simula-
tion is repeated over 100 runs. Table 8 reports the relative estimation errors of 3(-) and
rMSPEs for all three methods. For comparison, we also consider the oracle case, where (3(+)
is estimated by assuming that the true eigenpairs {m;, ¢,(-)} are known in advance. The
observable trends from Table 8 are consistent to those from Figure 3. These results demon-
strate that AdaFT not only provides more accurate estimation of the covariance function

itself but also largely improves the accuracies of other covariance-function-based estimation

and prediction that arise from a range of high-dimensional functional data analysis prob-
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Table 8: The mean and standard error (in parentheses) of HB — B|l/18| and rMSPEs over 100

simulation runs.

AdaFT UniFT Sam Oracle
1B - B1/18]
n =100 0.607(0.007) 0.612(0.007)  0.724(0.004) 0.551(0.007)
n = 200 0.506(0.003) 0.510(0.003) 0.617(0.004) 0.483(0.004)
rMSPE
n =100 11.211(0.186) 11.300(0.198) 16.223(0.195) 9.418(0.192)
n =200 7.278(0.059)  7.335(0.059) 10.755(0.112) 5.818(0.069)

lems, for example, multivariate FPCA and multivariate functional linear regression with

large p.

E.2 Simulation studies

E.2.1 Fully observed functional data

Figure 4 displays the simulated trajectories of X;;(-) for i = 1 at a selection of j’s for
Models 1 and 2 with p = 50. Figures 5 and 6 plot the heat maps of the frequency of the
zeros identified for the Hilbert—Schimidt norm of each entry of the estimated covariance
function, when p = 50, out of 100 simulation runs. The true nonzero patterns of Models
1 and 2, and the corresponding Hilbert—-Schmidt-norm based pseudo correlation matrix,

defined as {|Sji]s/(Z)5] s Skl s)"?} are presented in Figures 5(a), 6(a) and 7, re-

pxp’
spectively. Tables 9 and 10 present numerical results in terms of estimation accuracy and
support recovery consistency of all competing approaches under Model 1. Figure 8 plots
some selected entries of 3 under Model 1 with p = 50 together with their correspond-
ing s A and XA]U (the corresponding Ns are selected by fivefold cross-validation using hard

functional thresholding rule), and f]s of one simulation run. It is worth mentioning that

such design of 3 is able to mimic the positive and negative banding patterns in the HCP

24



data analysis. See Figure 16 for details. Figure 9 displays the average receiver operating

characteristic (ROC) curves (plots of true positive rates versus false positive rates over a

sequence of A\ values) for both the adaptive functional thresholding and universal func-

tional thresholding methods. These results again demonstrate the uniform superiority of

the adaptive functional thresholding method.

Simulated data

Simulated data

Model 1

Time

Model 2

Time

Figure 4: Simulated dataset: Xq;(-) at j = 10, 20, 30, 40, 50 for p = 50.

E.2.2 Partially observed functional data

Tables 11 and 12 provide the estimation and support recovery performance of BinLLS-based

adaptive and universal functional thresholding estimators for the setting of p = 50 under

Model 1. Tables 13 and 14 summarize the performance under both Models 1 and 2 for
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(a) True (b) Hard =, (c) Hard &,

(d) Soft =, (e) Soft =, (f) SCAD %,

(g) SCAD o (h) Adap. lasso N (i) Adap. lasso S,

Figure 5: Heat maps of the frequency of the zeros identified for the Hilbert—Schimidt norm of
each entry of the estimated covariance function (when p = 50) for Model 1 out of 100 simulation

runs. White and black correspond to 100/100 and 0/100 zeros identified, respectively.
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(g) SCAD 3,

(h) Adap. lasso N

27

(f) SCAD %,

(i) Adap. lasso S,

Figure 6: Heat maps of the frequency of the zeros identified for the Hilbert—Schimidt norm of
each entry of the estimated covariance function (when p = 50) for Model 2 out of 100 simulation

runs. White and black correspond to 100/100 and 0/100 zeros identified, respectively.
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Figure 7: Heat maps of the pseudo correlation matrix (with p = 50) for Models 1 and 2. The

color from white to blue corresponds to the value of |21 ]s/(|%;; s Zkx]s)"/? from small to large.

Table 9: The average (standard error) functional matrix losses over 100 simulation runs.

p =50 p =100 p = 150
Model ~ Method N s, N s, N s,
Functional Frobenius norm
Hard 5.40(0.04) 11.90(0.02) 7.91(0.03) 17.27(0.01)  9.94(0.04) 21.36(0.01)
Soft 6.28(0.05) 10.40(0.08) 9.41(0.05) 16.53(0.07) 11.85(0.06) 21.16(0.04)
SCAD 5.68(0.05) 10.56(0.08) 8.53(0.05) 16.59(0.07) 10.80(0.06) 21.19(0.04)
Adap. lasso 5.28(0.04) 11.42(0.07) 7.76(0.04) 17.26(0.01)  9.72(0.04) 21.36(0.01)
Sample 19.82(0.04) 39.54(0.05) 59.28(0.06)
! Functional matrix ¢; norm
Hard 3.96(0.06)  9.23(0.01) 4.49(0.05)  9.31(0.01)  4.78(0.05)  9.34(0.01)
Soft 5.04(0.07)  8.14(0.08) 5.88(0.05) 9.15(0.02) 6.21(0.04) 9.31(0.01)
SCAD 4.40(0.08)  8.32(0.07) 5.35(0.06)  9.18(0.02)  5.75(0.05)  9.31(0.01)
Adap.lasso  3.85(0.06) 8.91(0.07) 4.52(0.05) 9.30(0.01)  4.83(0.06)  9.34(0.01)
Sample 26.60(0.13) 52.65(0.18) 78.69(0.22)
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Table 10: The average TPRs/ FPRs over 100 simulation runs.

p = 50 p =100 p = 150
Model Method f]A f]U f]A f)U f]A f)U
Hard 0.71/0.00 0.00/0.00 0.66/0.00 0.00/0.00 0.64/0.00 0.00/0.00
Soft 0.89/0.08 0.47/0.17 0.85/0.04 0.22/0.05 0.84/0.03 0.06/0.01

SCAD 0.89/0.07 0.42/0.13 0.85/0.04 0.20/0.04 0.84/0.03 0.05/0.01
Adap. lasso 0.78/0.00 0.11/0.02 0.74/0.00 0.00/0.00 0.73/0.00 0.00/0.00

1.00 1.00 1.00 1.00
0.75 . ’ 075 . a 0.75 075 . a L E
1
0.50 0.50 0.50 0.50
0
0.25 ’ - T - 0.25 025 M -
-1
0.25 050 0.75 1.00 0.25 050 0.75 1.00 0.25 0.50 0.75 1.00 025 050 0.75 1.00
le(DD le(DD zlz(DD ZlZ(DD
(a) (1,2)th entry
1.00 1.00 1.00 1.00
| ]
0.75 0.75 0.75 0.75 0.2
0.50 0.50 0.50 0.50 0.0
h -
0.25 0.25 0.25 0.25 4 o2
0.25 050 0.75 1.00 0.25 0.50 0.75 1.00 0.25 050 0.75 1.00 0.25 050 0.75 1.00 - -0.4
Z1(12) (0D Zi(12) (HD Z1(12) (0D 2112) (0D

(b) (1,12)th entry

Figure 8: Selected entries of X, s A f]U and f)s of one simulation run (when p = 50) for Model 1.
The corresponding Vs of £, and f]U are selected by fivefold cross-validation using hard functional

thresholding rule.
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Figure 9: Model 1 (top row) and Model 2 (bottom row) for p = 50,100, 150: Comparison of

the average ROC curves for adaptive functional thresholding (solid line) and universal functional

thresholding (dotted line) over 100 simulation runs.
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p = 100. The same patterns as those from Tables 5—6 can be observed from Tables 11-14.

Table 11: The average (standard error) functional matrix losses for partially observed functional

scenarios and p = 50 over 100 simulation runs.

L =11 L; =21 L; =51 L; = 101
Model ~ Method R Sy N > SN e N >,

Functional Frobenius norm

Hard  7.78(0.03) 12.65(0.01) 6.61(0.04) 12.26(0.01) 5.83(0.04) 12.04(0.02) 5.57(0.04) 11.89(0.04)
Soft 8.69(0.04) 12.63(0.01) 7.64(0.05) 11.75(0.06) 6.94(0.05) 10.51(0.07) 6.71(0.05) 10.05(0.07)
SCAD  836(0.05) 12.63(0.01) 7.13(0.05) 11.80(0.06) 6.28(0.05) 10.67(0.07) 5.99(0.05) 10.27(0.07)
Adap. lasso  7.69(0.04) 12.64(0.01) 6.57(0.04) 12.21(0.02) 5.83(0.04) 11.54(0.08) 5.57(0.04) 11.05(0.10)

Functional matrix /; norm

Hard 5.35(0.05)  9.36(0.01) 4.68(0.06) 9.30(0.01) 4.09(0.06)  9.24(0.02) 3.87(0.06) 9.13(0.05)
Soft 6.38(0.06)  9.35(0.01) 5.86(0.07)  8.94(0.05) 5.43(0.07) 8.13(0.08) 5.29(0.07)  7.84(0.08)
SCAD 6.12(0.07)  9.35(0.01) 5.40(0.08)  8.99(0.05) 4.78(0.08)  8.32(0.07) 4.56(0.08)  8.09(0.07)
Adap.asso  5.31(0.07)  9.36(0.01) 4.71(0.07)  9.28(0.02) 4.15(0.07)  8.89(0.07) 3.98(0.07)  8.59(0.09)

Table 12: The average TPRs/ FPRs for partially observed functional scenarios and p = 50 over

100 simulation runs.

L =11 L =21 L; =51 L; = 101
Model ~ Method N s, N s DN )8 R >

Hard  0.63/0.00 0.00/0.00 0.66/0.00 0.00/0.00 0.69/0.00 0.01/0.00 0.71/0.00 0.03/0.00
Soft 0.85/0.05 0.01/0.00 0.87/0.07 0.22/0.09 0.89/0.08 0.5/0.17 0.89/0.08 0.57/0.18
SCAD  0.86/0.06 0.01/0.00 0.87/0.07 0.2/0.07 0.88/0.07 0.45/0.14 0.89/0.07 0.51/0.14
Adap. lasso  0.72/0.00 0.00/0.00 0.75/0.00 0.01/0.00 0.77/0.00 0.12/0.02 0.78/0.00 0.20/0.03

E.3 ADHD dataset

In this section, we illustrate our adaptive functional thresholding estimation using the
ADHD-200 Sample, collected by New York University Medical Center. This dataset con-
sists of resting-state fMRI scans with Blood Oxygenation Level-Dependent (BOLD) signals

recorded every 2 seconds in the whole brain with L = 172 locations in total, for n,pyp = 90
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Table 13: The average (standard error) functional matrix losses for partially observed functional

scenarios and p = 100 over 100 simulation runs.

L;=11 L; =21 L; =51 L; =101
Model ~ Method N =, =, 2, N 2, N =,

Functional Frobenius norm

Hard 11.40(0.03) 18.34(0.01)  9.63(0.03) 17.80(0.01)  8.55(0.04) 17.51(0.01) 8.17(0.04) 17.42(0.01)

Soft 12.79(0.05) 18.33(0.01) 11.28(0.05) 17.71(0.02) 10.33(0.05) 16.68(0.07) 10.01(0.05) 16.06(0.07)

SCAD  12.41(0.05) 18.33(0.01) 10.58(0.05) 17.72(0.02) 9.42(0.05) 16.77(0.06)  9.01(0.05) 16.23(0.07)

Adap. lasso 11.22(0.04) 18.33(0.01)  9.59(0.04) 17.79(0.01)  8.54(0.04) 17.49(0.01)  8.19(0.04) 17.34(0.03)
Functional matrix ¢; norm

! Hard 5.97(0.05)  9.41(0.01) 5.15(0.05)  9.35(0.01)  4.70(0.05)  9.33(0.01) 4.53(0.05)  9.32(0.01)

Soft 7.06(0.04)  9.41(0.01)  6.55(0.05)  9.34(0.01)  6.23(0.05)  9.19(0.02)  6.12(0.05)  9.02(0.03)

SCAD 6.93(0.05)  9.41(0.01)  6.20(0.05)  9.34(0.01)  5.74(0.05)  9.23(0.02)  5.56(0.05)  9.11(0.03)

Adap.lasso  6.00(0.05)  9.41(0.01)  5.32(0.06)  9.35(0.01)  4.89(0.06)  9.32(0.01)  4.74(0.06)  9.32(0.01)

Functional Frobenius norm

Hard 13.21(0.04) 17.03(0.01) 11.33(0.04) 16.40(0.01) 10.06(0.04) (0.01) (0.04) 15.96(0.01)
Soft 13.54(0.04) 17.01(0.01) 12.06(0.04) 16.26(0.02) 11.10(0.04) 15.32(0.05) 10.75(0.04) 14.86(0.05)
SCAD 13.50(0.04) 17.01(0.01) 11.90(0.04) 16.26(0.02) 10.78(0.04) (0.05) (0.04) 14.93(0.05)
Adap. lasso 12.61(0.04) 17.01(0.01) 10.94(0.04) 16.39(0.01)  9.80(0.04) (0.02) (0.04) 15.81(0.03)

Functional matrix #; norm

? Hard 6.14(0.04)  7.27(0.01)  5.49(0.04)  7.19(0.01)  5.01(0.05) 7.16(0.01)  4.83(0.05)  7.15(0.01)
Soft 6.22(0.02)  7.26(0.01)  5.90(0.03)  7.16(0.01)  5.65(0.03)  7.03(0.02)  5.55(0.03)  6.97(0.02)

SCAD 6.21(0.02)  7.26(0.01) 5.87(0.03) 7.16(0.01) 5.58(0.03) 7.04(0.02) 5.45(0.03)  6.99(0.02)

Adap. lasso  5.88(0.04)  7.26(0.01) 5.42(0.04) 7.19(0.01) 5.04(0.04) 7.15(0.01) 4.87(0.04)  7.14(0.01)

Table 14: The average TPRs/ FPRs for partially observed functional scenarios and p = 100 over

100 simulation runs.

L; =11 L; =21 L; =51 L; =101
Model Method f]A EVJU > A EVJU ZVJA EVDU > A EVDU

Hard 0.57/0.00 0.00/0.00 0.62/0.00 0.00/0.00 0.65/0.00 0.00/0.00 0.66/0.00 0.00/0.00

Soft 0.80/0.03 0.00/0.00 0.83/0.04 0.03/0.01 0.85/0.04 0.24/0.05 0.85/0.04 0.36/0.07

SCAD 0.81/0.03 0.00/0.00 0.84/0.04 0.03/0.01 0.85/0.04 0.22/0.04 0.85/0.04 0.32/0.06

Adap. lasso 0.67/0.00 0.00/0.00 0.71/0.00 0.00/0.00 0.73/0.00 0.00/0.00 0.74/0.00 0.01/0.00

Hard 0.48/0.00 0.00/0.00 0.57/0.00 0.00/0.00 0.65/0.00 0.00/0.00 0.68/0.00 0.00/0.00

Soft 0.90/0.03 0.00/0.00 0.94/0.04 0.07/0.01 0.96/0.04 0.29/0.04 0.97/0.04 0.40/0.05

SCAD 0.90/0.03 0.00/0.00 0.95/0.04 0.06/0.01 0.96/0.05 0.28/0.03 0.97/0.05 0.37/0.04

Adap. lasso 0.70/0.00 0.00/0.00 0.78/0.00 0.00/0.00 0.83/0.00 0.02/0.00 0.85/0.00 0.03/0.00
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patients diagnosed with attention-deficit/hyperactivity disorder (ADHD) and npe = 87
typically-developing controls (TDC). The preprocessing of the raw fMRI data is performed
by Neuro Bureau using the Athena pipeline (Bellec et al., 2017). See Figure 11 in Sec-
tion E.4 for plots of pre-smoothed BOLD signals at a selection of ROIs. Following Li and
Solea (2018) based on the same dataset, we treat the signals at different ROIs as multivari-
ate functional data. Our goal is to construct resting state functional connectivity networks
among p = 116 ROIs (Tzourio-Mazoyer et al., 2002), with the first 90 ROIs from the
cerebrum and the last 26 ROIs from the cerebellum, for ADHD and TDC groups, respec-
tively. To this end, we implement adaptive and universal functional thresholding methods
to discover the networks for two groups.

Figure 10 plots the sparsity patterns in estimated covariance functions corresponding
to identified functional connectivity networks. We observe several interesting patterns.
First, with A selected by the cross-validation, 3, in Fig. 10(a)—(b) reveal clear blockwise
connectivity structures with two blocks coinciding with the regions of the cerebrum and the
cerebellum, while 3, in Fig. 10(c)—(d) result in very sparse networks. Second, under the
same sparsity levels as those of 3, in Fig. 10(a)—(b), 3, in Fig. 10(e)—(f) only retain edges
related to large marginal-covariance functions but fail to identify some essential within-
network connections, e.g., those of the cerebellar region (Dobromyslin et al., 2012) on the
bottom right corner. Third, the ADHD group has increased connections relative to the

TDC group, which is in line with the finding in Konrad and Eickhof (2010) that ADHD

patients tend to exhibit abnormal spontaneous functional connectivity patterns.

E.4 Additional real data results

Figures 11 and 12 display the pre-smoothed BOLD signal trajectories at a selection of
ROIs of subjects from the ADHD and HCP datesets, respectively. Moreover, we zoom
in on a randomly selected subinterval (0.5,0.6) of time [0,1] in Figure 12 and plot the

pre-smoothed BOLD signals during this subinterval in Figure 13. It is evident that the
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(b) TDC: 8, (71.24% zeros)  (d) TDC: 3, (98.85% zeros)  (f) TDC: %, (71.24% zeros)

Figure 10: The sparsity structures in S, and 8 for ADHD and TDC groups: (a)—(d) with
the corresponding A selected by fivefold cross-validation using soft functional thresholding rule;
(e)—(f) with the same sparsity levels as those in (a)—(b). Black corresponds to non-zero entries of

3, and &y (identified edges connecting a subset of ROISs).
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smoothed signal trajectories are directly available after the standard preprocessing step
following the existing neuroscience literature. Figures 14 and 15 plot the connectivity
strengths at fluid intelligence gF < 8 and gF > 23 in Fig. 1(a)—(b) and Fig. 1(c)—(d),
respectively. We observe that as ¢gF increases, the connectivity strengths in the medial
frontal and frontoparietal modules tend to increase while those in the default mode module
decrease, which is consistent with our finding in Section 6. Finally, we present in Figure 16
some randomly selected entries of &, in Fig. 1 (¢)—(d) during the same subinterval (0.5, 0.6).
The dynamic structures of the estimated covariance surfaces are observable in the sense
that the values of i;‘k change from positive to negative (or from negative to positive) as a
function of (u,v) along some directions. In particular, there seems to exist an interesting

common positive and negative banding pattern as |u — v| varies in the presented entries.
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fMRI data — ADHD group
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Figure 11: ADHD dataset: the smoothed BOLD signals at the first 5 ROIs of two subjects

in ADHD and TDC groups respectively. The 5.73-minute interval with 172 scanning points is

rescaled to [0, 1].
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fMRI data — HCP
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Figure 12: HCP dataset: the smoothed BOLD signals at the first 5 ROIs of one subject. The

14.40-minute interval with 1200 scanning points (14.40 mins) is rescaled to [0, 1].
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Figure 13: HCP dataset: the smoothed BOLD signals in Fig. 12 during (0.5,0.6).
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(b) gF < 8: the frontoparietal module in Fig. 1(a) (e) gF = 23: the frontoparietal module in Fig. 1(b)

(c) gF < 8: the default mode module in Fig. 1(a) (f) gF > 23: the default mode module in Fig. 1(b)

Figure 14: The connectivity strengths in Fig. 1(a)—(b) at fluid intelligence gF < 8 and gF > 23.
Salmon, orange and yellow nodes represent the ROIs in the medial frontal, frontoparietal and

default mode modules, respectively. The edge color from cyan to blue corresponds to the value

of HE?,CHS/(HE%HSHE,?,GHS)I/Z from small to large.
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(b) gF < 8: the frontoparietal module in Fig. 1(c) (e) gF > 23: the frontoparietal module in Fig. 1(d)

(c) gF < 8: the default mode module in Fig. 1(c) (f) gF > 23: the default mode module in Fig. 1(d)

Figure 15: The connectivity strengths in Fig. 1(c)—(d) at fluid intelligence gF < 8 and gF > 23.
Salmon, orange and yellow nodes represent the ROIs in the medial frontal, frontoparietal and

default mode modules, respectively. The edge color from cyan to blue corresponds to the value

of HE?,CHS/(HE%H3|\E,‘2k\|5)1/2 from small to large.
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Figure 16: Selected entries of 3, in Fig. 1 (¢)—(d) during (0.5,0.6).
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