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Abstract

We propose a two-step procedure to model and predict high-dimensional functional

time series, where the number of function-valued time series p is large in relation to

the length of time series n. Our first step performs an eigenanalysis of a positive

definite matrix, which leads to a one-to-one linear transformation for the original high-

dimensional functional time series, and the transformed curve series can be segmented

into several groups such that any two subseries from any two different groups are

uncorrelated both contemporaneously and serially. Consequently in our second step

those groups are handled separately without the information loss on the overall linear

dynamic structure. The second step is devoted to establishing a finite-dimensional

dynamical structure for all the transformed functional time series within each group.

Furthermore the finite-dimensional structure is represented by that of a vector time

series. Modelling and forecasting for the original high-dimensional functional time

series are realized via those for the vector time series in all the groups. We investigate

the theoretical properties of our proposed methods, and illustrate the finite-sample

performance through both extensive simulation and three real datasets.
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1 Introduction

Functional time series typically refers to continuous-time records that are naturally divided

into consecutive time intervals, such as days, months or years. With recent advances in

data collection technology, multivariate or even high-dimensional functional time series arise

ubiquitously in many applications, including daily pollution concentration curves over differ-

ent locations, annual temperature curves at different stations, annual age-specific mortality

rates for different prefectures, and intraday energy consumption trajectories from differ-

ent households. Those data can be represented as a p-dimensional functional time series

Ytpuq “ tYt1puq, . . . , YtppuquJ defined on a compact set u P U , and we observe Ytp¨q for

t “ 1, . . . , n. In this paper we tackle the high-dimensional settings when the dimension p

is comparable to, or even greater than, the sample size n, which poses new challenges in

modelling and forecasting Ytp¨q.

By assuming Ytp¨q is stationary, a conventional approach is first to extract features by per-

forming dimension reduction for each component series Ytjp¨q separately via, e.g., functional

principal component analysis (FPCA) or dynamic FPCA (Hörmann et al., 2015; Bathia

et al., 2010), and then to model p vector time series by, e.g., regularized vector autoregres-

sions (Guo and Qiao, 2023; Chang et al., 2022) or factor model (Gao et al., 2019). However,

more effective dimension-reduction can be achieved by pulling together the information from

different component series in the first place. This is in the same spirit of multivariate FPCA

(Chiou et al., 2014; Happ and Greven, 2018) (for fixed p) and sparse FPCA (Hu and Yao,

2022), though those approaches make no use of the information on the serial dependence

which is the most relevant for future prediction.

To achieve a more effective dimension-reduction by incorporating the information on the
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serial dependence across different component series, we propose in this paper a two-step

approach. Our first step is a segmentation step in which we seek for a linear transformation

Ytp¨q “ AZtp¨q, where A is a p ˆ p invertible constant matrix, such that the transformed

series Ztp¨q “ tZ
p1q

t p¨qJ, . . . ,Z
pqq

t p¨qJuJ can be segmented into q groups Z
p1q

t p¨q, . . . ,Z
pqq

t p¨q, and

curves subseries Z
piq
t p¨q and Z

pjq

t p¨q are uncorrelated at all time lags for any i ‰ j, i.e.

CovtZ
piq
t puq,Z

pjq

t`kpvqu “ 0 , pu, vq P U2 and k “ 0,˘1,˘2, . . . .

Hence each Z
piq
t can be modelled and forecasted separately as far as the linear dynamics is

concerned. Under the stationarity assumption, the estimation of the transformation matrix

A boils down to the eigenanalysis of a positive definite matrix defined by the double integral

of quadratic forms in the autocovariance function of Ytp¨q. An additional permutation on

the components of Ztp¨q will be specified in order to identify the latent group structure.

Our second step is to identify a finite-dimensional dynamic structure for each transformed

subseries Z
plq
t p¨q separately, which is based on a latent decomposition

Z
plq
t puq “ X

plq
t puq ` ε

plq
t puq , u P U , (1)

where X
plq
t p¨q represents the dynamics of Z

plq
t p¨q, ε

plq
t p¨q is white noise in the sense that

Etε
plq
t puqu “ 0 and Etε

plq
t puqε

plq
s pvqJu “ 0 for any pu, vq P U2 and t ‰ s, and tX

plq
t p¨qunt“1

are uncorrelated with tε
plq
t p¨qunt“1. Furthermore we assume that the dynamic structure of

X
plq
t p¨q admits a vector time series presentation via a variational multivariate FPCA. For

given tZ
plq
t p¨qunt“1, the standard multivariate FPCA performs dimension reduction based on

the eigenanlysis of the sample covariance function of Z
plq
t p¨q, which cannot be used to iden-

tify the finite-dimensional dynamic structure of X
plq
t p¨q due to the contamination of ε

plq
t p¨q.

Inspired by the fact that the lag-k (k ‰ 0) autocovariance function of Z
plq
t p¨q automatically

filters out the white noise, our variational multivariate FPCA is based on the eigenanalysis

of a positive-definite matrix defined in terms of its nonzero lagged autocovariance functions;

leading to a low-dimensional vector time series which bears all the dynamic structure of
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X
plq
t p¨q, and consequently, also that of Z

plq
t p¨q. This is possible as the number of compo-

nents in each Z
plq
t p¨q is small. Finally, owing to the one-to-one linear transformation in the

segmentation step, the good predictive performance of Ztp¨q can be easily carried back to

Ytp¨q.

The new contribution of this paper is threefold. First, the segmentation transformation in

the first step transforms the serial correlations across different series into the autocorrelations

within each of the identified q subseries. This not only avoids the direct modelling of the p

functional time series together, but also makes each of those subseries more serially correlated

and, hence, more predictable. As the serial correlations across different series are valuable

for future prediction, the segmentation provides an effective way to use the information.

Note that the prediction directly based on a multivariate ARMA-type model with even a

moderately large dimension is not recommendable, as the gain from using the correlations

across different component series is often cancelled off by the errors in estimating too many

parameters. On the other hand, the assumed segmentation structure may not exist. The

proposed estimation method will then lead to an approximate segmentation which neglects

small and, therefore, practically intractable correlations. Such an approximation often yields

more accurate future predictions than those based on the models without segmentation. See

the empirical studies in Sections 5 and 6. Though the segmentation transformation is based

on the same idea of the PCA for vector time series of Chang et al. (2018), our proposal relies

on the double integral to take full advantage of the functional nature of the data by gathering

the autocovariance information over pu, vq P U2. Secondly, aided by the enforced sparsity, we

propose a novel functional thresholding procedure, which guarantees the consistency of our

estimation under the high-dimensional regime. Thirdly, the nonzero lagged autocovariance-

based dimension reduction approach in the second step makes the good use of the serial

dependence information in our estimation, which is most relevant in the context of time

series. Our proposal extends the univariate method of Bathia et al. (2010) by taking into
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account the cross-autocovariance to accommodate multivariate functional time series.

Our work lies in the intersection of two strands of literature: functional time series

and high-dimensional time series. In the context of functional time series, many standard

univariate or vector time series theory and methods have been adapted to the functional

domain, see, among others, Bathia et al. (2010), Panaretos and Tavakoli (2013), Aue et al.

(2015), Hörmann et al. (2015), Li et al. (2020), Jiao et al. (2021), and references within. In

the context of high-dimensional time series, the available methods to reduce the number of

parameters can be loosely divided into three categories: (i) regularization (Han et al., 2015;

Basu and Michailidis, 2015; Guo et al., 2016; Ghosh et al., 2019; Wilms et al., 2021), (ii)

dimension reduction via factor model (Bai and Ng, 2002; Forni et al., 2005; Lam and Yao,

2012; Stock and Watson, 2012; Chang et al., 2015; Fan et al., 2016), and (iii) independent

component analysis (Tiao and Tsay, 1989; Back and Weigend, 1997; Matteson and Tsay,

2011; Chang et al., 2018; Han et al., 2022). Since the literature in each category is large, we

can only include a selection of references here.

The rest of the paper is organized as follows. In Section 2, we develop the methods

employed in Step 1, i.e. the segmentation transformation, the permutation and the func-

tional thresholding. Section 3 specifies the dimension reduction method used in Step 2. We

investigate the associated theoretical properties of the proposed methods in Section 4. The

finite-sample performance of our methods are examined through extensive simulations in

Section 5. Section 6 applies our proposal to three real datasets, revealing its superior predic-

tive performance over most frequently used competitors. All technical proofs are relegated

to the supplementary material.

Notations. Denote by Ip¨q the indicator function. For a positive integer m, write

rms “ t1, . . . ,mu and denote by Im the identity matrix of size m ˆ m. For x, y P R, we use

x _ y “ maxpx, yq. For two positive sequences tanu and tbnu, we write an ! bn or bn " an

if lim supnÑ8 an{bn “ 0. For a p ˆ q real matrix B, denote by BJ its transponse, and write
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Bb2 “ BBJ and }B}2 “ λ
1{2
maxpBJBq, where λmaxpMq denotes the largest eigenvalue of the

matrix M. Let L2pUq be a Hilbert space of squared integrable functions defined on U and

equipped with the inner product xF,Gy “
ş

U FpuqGpuq du for F,G P L2pUq and the induced

norm } ¨ } “ x¨, ¨y1{2. For any B in the tensor product S ” L2pUq b L2pUq, we denote the

Hilbert–Schmidt norm by }B}S “ t
ş

U

ş

U B2pu, vq dudvu1{2.

2 Segmentation transformation

In this section, we seek for a p ˆ p constant matrix A such that

Ytpuq “ AZtpuq “ AtZ
p1q

t puq
J, . . . ,Z

pqq

t puq
J
u

J , u P U , (2)

where q ď p is an unknown positive integer, Z
plq
t p¨q is a pl-dimensional functional time series

with each pl ě 1 and
řq

l“1 pl “ p, and CovtZ
plq
t puq,Z

pl1q
s pvqu “ 0 for all t, s P rns, l ‰ l1 and

pu, vq P U2. We also assume that maxiPrps

ş

U EtZ2
tipuqu du “ Op1q. Then it holds that

Σy,kpu, vq ” CovtYtpuq,Yt`kpvqu “ ACovtZtpuq,Zt`kpvquAJ
” AΣz,kpu, vqAJ , (3)

where Σz,kpu, vq is block-diagonal with the blocks on the main diagonal of sizes p1ˆp1, . . . , pqˆ

pq.

We consider orthogonal transformations only, i.e., AJA “ AAJ “ Ip, as we can replace

pYt,Ztq in (2) by pV
´1{2
y Yt,V

´1{2
z Ztq, where Vy “

ş

U Σy,0pu, uq du and Vz “
ş

U Σz,0pu, uq du.

Then A is replaced by V
´1{2
y AV

1{2
z which is an orthogonal matrix as

Ip “

ż

U
VartV´1{2

y Ytpuqu du “

ż

U
VartV´1{2

z Ztpuqu du. (4)

Note we can take V
´1{2
z Zt as Zt since they share the same block structure. In practice, we

can replace observations Yt by pV
´1{2
y Yt, where pVy is a consistent estimator of Vy.

Write A “ pA1, . . . ,Aqq, where Al has pl columns. Then

Z
plq
t puq “ AJ

l Ytpuq , l P rqs . (5)
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Even with the orthogonality constraint, A cannot be identified uniquely in (2), as within-

block rotations will not distort the uncorrelated block structure. In fact only the linear

spaces spanned by the columns of Al, denoted by CpAlq, l P rqs, are uniquely defined by (2).

2.1 Estimation procedure

We consider how to estimate A “ pA1, . . . ,Aqq in (2). For a given integer k0 ě 1, let

Wz “

k0
ÿ

k“0

ż

U

ż

U
Σz,kpu, vq

b2 dudv and Wy “

k0
ÿ

k“0

ż

U

ż

U
Σy,kpu, vq

b2 dudv . (6)

Then both Wy and Wx are non-negative definite. Due to AAJ “ Ip, by (3) and (6),

Wz “ AJWyA . (7)

As all Σz,kpu, vq for k ě 0 and pu, vq P U2 are block-diagonal matrices of the same sizes,

so is Wz. Perform the eigenanalysis for each of q blocks on the main diagonal of Wz

separately, leading to q orthogonal matrices of sizes pl ˆ pl for l P rqs. The columns of each

of those orthogonal matrices are the pl orthonormal eigenvectors from the corresponding

eigenanalysis. Line up those q orthogonal matrices as the blocks for a main diagonal, to form

a p ˆ p block diagonal orthogonal matrix Γz. Then the columns of Γz are the orthonormal

eigenvectors of Wz, i.e.

WzΓz “ ΓzD , (8)

where D is a diagonal matrix consisting of the p eigenvalues. Then by (7) and (8), WyAΓz “

AWzΓz “ AΓzD. Thus the columns of Γy ” AΓz are the orthonormal eigenvectors of Wy.

Combining this with (2) yields that

ΓJ

yYtp¨q “ ΓJ

zA
JYtp¨q “ ΓJ

zZtp¨q . (9)

Since Γz is a block-diagonal orthogonal matrix with q blocks, ΓJ

zZtp¨q effectively applies

orthogonal transformation within each of the q groups of Ztp¨q. Thus ΓJ

zZtp¨q is of the

same segmentation structure of Ztp¨q, i.e. knowing ΓJ

zZtp¨q is as good as knowing the latent
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segmentation of Ztp¨q. Hence Γy can be taken as the required transformation matrix A; see

(9). We summarize the above finding in Proposition 1 below.

Proposition 1. (i) The orthogonal matrix Γz in (8) can be of the same block-diagonal form

as Wz.

(ii) An orthogonal matrix Γz satisfies (8) if and only if its columns are a permutation

of the columns of a block-diagonal orthogonal matrix described in (i), provided that any two

different main diagonal blacks in Wz do not share the same eigenvalues.

Let pΣy,kpu, vq be some consistent estimator of Σy,kpu, vq for k P t0u Y rk0s, to be specified

in Section 2.2 below. We define an estimator of Wy as

xWy “

k0
ÿ

k“0

ż

U

ż

U

pΣy,kpu, vq
b2 dudv , (10)

and calculate its orthonormal eigenvectors pη1, . . . , pηp. Let pΓy “ ppη1, . . . , pηpq. By (9) and

Proposition 1, pA should be a (latent) column-permutation of pΓy. More specifically, put

pZtp¨q ” t pZt1p¨q, . . . , pZtpp¨qu
J

“ pΓ
J

yYtp¨q . (11)

We propose below a data-driven procedure to divide the p components of pZtp¨q into q̂ uncor-

related groups.

Write Σz,kp¨, ¨q “ tΣz,k,ijp¨, ¨qui,jPrps. Recall Ztp¨q “ tZt1p¨q, . . . , Ztpp¨quJ. For two curve

series Ztip¨q and Ztjp¨q within the same group, one would expect that their lag-k cross-

autocovariance function Σz,k,ijpu, vq to be significantly different from zero for some integer

k and pu, vq P U2, thus leading to at least one large }Σz,k,ij}S for some integer k. Based

on pZtp¨q defined as (11), we let pΣz,kpu, vq ” tpΣz,k,ijpu, vqui,jPrps “ pΓ
J

y
pΣy,kpu, vqpΓy for any

pu, vq P U2. Given a fixed integer m ě 0, we define the maximum cross-autocovariance over

the lags between prespecified ´m and m as

pTij “ max
|k|ďm

}pΣz,k,ij}S (12)
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for any pair pi, jq P rps2 such that i ă j, and regard pZtip¨q and pZtjp¨q from the same group

if pTij takes some large value. To be specific, we rearrange ℵ “ ppp ´ 1q{2 values of pTij

(1 ď i ă j ď p) in the descending order pTp1q ě ¨ ¨ ¨ ě pTpℵq and compute

ϱ̂ “ arg max
jPrℵs

pTpjq ` δn
pTpj`1q ` δn

(13)

for some δn ą 0. Corresponding to pTp1q, . . . , pTpϱ̂q, we identify ϱ̂ pairs of cross-correlated

curves. To divide the p components of pZtp¨q into several uncorrelated groups, we can first

start with p groups with each pZtjp¨q in one group and then repeatedly merge two groups if two

cross-correlated curves are split over the two groups. The iteration is terminated until all the

cross-correlated pairs are within one group. Hence we obtain the estimated group structure

of pZtp¨q with the number of the final groups q̂ being the estimated value for q. Denote by

pZ
plq
t p¨q the estimated l-th group for l P rq̂s. The transformation matrix pA “ ppA1, . . . , pAq̂q

can then be found by reorganizing the order of ppη1, . . . , pηpq such that

pZ
plq
t p¨q “ pAJ

l Ytp¨q , l P rq̂s . (14)

Remark 1. (i) We include a small term δn ą 0 in (13) to stabilise the estimates for ‘0/0’.

Given a suitable order of δn, we can establish the group recovery consistency. See Theorem 1

in Section 4. A common practice is to set δn “ 0 and replace ℵ by cϱℵ in (13) for some

constant cϱ P p0, 1q, see Lam and Yao (2012); Ahn and Horenstein (2013); Chang et al.

(2018).

(ii) All integrated terms in Wy are non-negative definite. Hence there is no information

cancellation over different lags. Therefore the estimation is insensitive to the choice of k0.

In practice a small k0 (such as k0 ď 5) is often sufficient, while further enlarging k0 tends to

add more noise to Wy.
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2.2 Selection of pΣy,kpu, vq

The estimate pΣy,kpu, vq plays a key role in Section 2.1. A natural candidate for pΣy,kpu, vq is

the sample version of Σy,kpu, vq defined as

pΣS

y,kpu, vq “
1

n ´ k

n´k
ÿ

t“1

tYtpuq ´ ȲpuqutYt`kpvq ´ Ȳpvqu
J , k P t0u Y rk0s . (15)

When p2{n Ñ 0, pΣS
y,kpu, vq is a valid estimator for Σy,kpu, vq. However when p grows faster

than n1{2, it does not always hold that }pΣS
y,kpu, vq ´Σy,kpu, vq}2 Ñ 0 in probability. We then

impose some sparsity condition on the orthogonal transformation matrix A, which will pass

onto the autocovariance functions Σy,kp¨, ¨q, as Σy,kp¨, ¨q “ AΣz,kp¨, ¨qAJ.

Inspired by the spirit of threshold estimator for large covariance matrix (Bickel and Lev-

ina, 2008), we apply the functional thresholding rule, that combines the functional general-

izations of hard thresholding and shrinkage with the aid of the Hilbert–Schmidt norm of func-

tions, on the entries of the sample autocovariance function pΣS
y,kpu, vq “ tpΣS

y,k,ijpu, vqui,jPrps

in (15). This leads to the estimator

Tωk
ppΣS

y,kqpu, vq “
“

pΣS

y,k,ijpu, vqIt}pΣS

y,k,ij}S ě ωku
‰

i,jPrps
, pu, vq P U2 , (16)

where ωk ě 0 is the thresholding parameter at lag k. Taking pΣy,kp¨, ¨q in (10) as Tωk
ppΣS

y,kqp¨, ¨q

yields

xWy “

k0
ÿ

k“0

ż

U

ż

U
Tωk

ppΣS

y,kqpu, vq
b2 dudv . (17)

Remark 2. The thresholding parameter ωk for each k P t0u Y rk0s can be selected using

an L-fold cross-validation approach. Specifically, we sequentially divide the set rns into L

validation sets V1, . . . , VL of approximately equal size. For each l P rLs, let pΣ
S,plq
y,k pu, vq “

tpΣ
S,plq
y,k,ijpu, vqui,jPrps and pΣ

S,p´lq
y,k pu, vq “ tpΣ

S,p´lq
y,k,ij pu, vqui,jPrps be the sample lag-k autocovaraince

functions based on the l-th validation set tYtp¨q : t P Vlu and the remaining L ´ 1 sets

tYtp¨q : t P rnszVlu, respectively. We select the optimal ω̂k by minimizing

Errorpωkq “
1

L

L
ÿ

l“1

p
ÿ

i,j“1

›

›Tωk
ppΣ

S,plq
y,k,ijq ´ pΣ

S,p´lq
y,k,ij

›

›

2

S ,
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where Tωk
ppΣ

S,plq
y,k,ijqpu, vq “ pΣ

S,plq
y,k,ijpu, vqIt}pΣ

S,plq
y,k,ij}S ě ωku. Given the time break from the

leave-out validation set, the autocovariance estimation based on the remaining L´ 1 groups

is affected by k0 misutilized lagged terms. However, this effect is negligible for large n.

3 Identifying finite-dimensional structure of transformed

curve subseries

Our Step 2 is to represent (linear) dynamic structure of each Z
plq
t p¨q, obtained in Step 1, in

terms of a vector time series via representation (1). The key idea is to identify the finite

decomposition for X
plq
t p¨q. For pu, vq P U2 and k ě 0, let µplqpuq “ EtX

plq
t puqu and

M
plq
k pu, vq “ ErtX

plq
t puq ´ µplq

puqutX
plq
t`kpvq ´ µplq

pvqu
J
s .

Then the multivariate Karhunen-Loève decomposition for X
plq
t p¨q serving as the foundation

of multivariate FPCA (Chiou et al., 2014; Happ and Greven, 2018) admits the form

M
plq
0 pu, vq “

8
ÿ

j“1

λ
plq
j φ

plq
j puqφ

plq
j pvq

J , X
plq
t puq ´ µplq

puq “

8
ÿ

j“1

ξ
plq
tj φ

plq
j puq , (18)

where λ
plq
1 ě λ

plq
2 ě ¨ ¨ ¨ ě 0 are the ordered eigenvalues of the covariance function M

plq
0 p¨, ¨q,

φ
plq
1 p¨q,φ

plq
2 p¨q, . . . are the corresponding orthonormal eigenfunctions satisfying

ş

U φ
plq
j puqJφ

plq
k puq du “

Ipj “ kq, and ξ
plq
tj “

ş

U φ
plq
j puqJtX

plq
t puq ´ µplqpuqu du with Etξ

plq
tj u “ 0 and Covtξ

plq
tj , ξ

plq
tk u “

λ
plq
j Ipj “ kq.

When X
plq
t p¨q is rl-dimensional in the sense that λ

plq
rl ą 0 and λ

plq
rl`1 “ 0, the dynam-

ics of X
plq
t p¨q is entirely determined by that of rl-vector time series ξ

plq
t “ tξ

plq
t1 , . . . , ξ

plq
trl

uJ.

Unfortunately, under the latent decomposition (1), i.e.

Z
plq
t puq “ X

plq
t puq ` ε

plq
t puq “ µplq

puq `

rl
ÿ

j“1

ξ
plq
tj φ

plq
j puq ` ε

plq
t puq , u P U , (19)

the standard multivariate FPCA based on (18) is inappropriate as X
plq
t p¨q is unobservable

and we cannot provide a consistent estimator for M
plq
0 pu, vq based on Z

plq
t p¨q due to the fact
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CovtZ
plq
t puq,Z

plq
t pvqu “ M

plq
0 pu, vq ` Covtε

plq
t puq, ε

plq
t pvqu. A possible solution to deal with the

difficulty is to delineate the dynamic structure of X
plq
t p¨q by subtracting Covtε

plq
t puq, ε

plq
t pvqu

from CovtZ
plq
t puq,Z

plq
t pvqu. To this end, a common practice is to assume that the covariance

function of ε
plq
t p¨q is diagonal (Yao et al., 2005) or banded (Descary and Panaretos, 2019),

which is too restrictive in practice.

Now we introduce the variational multivariate FPCA based on a variational multivariate

Karhunen-Loève decomposition for X
plq
t p¨q. Motivated from the fact CovtZ

plq
t puq,Z

plq
t`kpvqu “

M
plq
k pu, vq for any k ě 1, for a prespecified small integer k0 ě 1, we define

Kplq
pu, vq “

k0
ÿ

k“1

ż

U
M

plq
k pu,wqM

plq
k pv, wq

J dw . (20)

Note that Kplq can be viewed as the kernel of the induced linear operator. For notational

economy, we will use Kplq to denote both the kernel and the operator. Similar to M
plq
0 , Kplq

is also a non-negative definite operator which admits a spectral decomposition

Kplq
pu, vq “

8
ÿ

j“1

θ
plq
j ψ

plq
j puqψ

plq
j pvq

J , (21)

where θ
plq
1 ě θ

plq
2 ě ¨ ¨ ¨ ě 0 are the eigenvalues of Kplq, and ψ

plq
1 p¨q,ψ

plq
2 p¨q, . . . are the corre-

sponding orthonormal eigenfunctions. Let ξ
plq
t “ tξ

plq
t1 , . . . , ξ

plq
trl

uJ and Ω
plq
k “ Erξ

plq
t tξ

plq
t`kuJs.

It then follows from Proposition 2 below that, under the expansion (19), the operator Kplq

has exactly rl nonzero eigenvalues, and the dynamic space spanned by tψ
plq
1 p¨q, . . . ,ψplq

rl
p¨qu

remains the same as that spanned by tφ
plq
1 p¨q, . . . ,φ

plq
rl p¨qu.

Proposition 2. Let Ω
plq
k be a full-ranked matrix for some k P rk0s. Then it holds that (i)

θ
plq
rl ą 0 and θ

plq
rl`1 “ 0; (ii) spantφ

plq
1 p¨q, . . . ,φ

plq
rl p¨qu “ spantψ

plq
1 p¨q, . . . ,ψplq

rl
p¨qu.

Therefore, X
plq
t p¨q can be expanded using rl basis functions ψ

plq
1 p¨q, . . . ,ψplq

rl
p¨q, i.e.,

X
plq
t puq ´ µplq

puq “

rl
ÿ

j“1

ζ
plq
tj ψ

plq
j puq , u P U , (22)

where the basis coefficients ζ
plq
tj “

ş

U ψ
plq
j puqJtX

plq
t puq ´ µplqpuqu du. Note that we take the

sum in defining Kplqpu, vq in (20) to accumulate the information from different lags, and
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there is no information cancellation as each term in the sum is non-negative definite. An

additional advantage for using the lagged autocovariance-based decomposition is that the

identified directions ψ
plq
1 p¨q, . . . ,ψplq

rl
p¨q catch the most significant serial dependence, which is

advantageous for future prediction.

Noting that Z
plq
t p¨q is not directly observable, we can only estimate M

plq
k and Kplq based on

p̂l-vector of estimated transformed curve subseries pZ
plq
t p¨q “ t pZ

plq
t1 p¨q, . . . , pZ

plq
tp̂l

p¨quJ obtained in

Step 1. With the aid of (14), for k P t0u Y rk0s, put

xM
plq
k pu, vq “ pAJ

l
pΣy,kpu, vqpAl . (23)

It is easy to see from (1) that xM
plq
k pu, vq is a reasonable estimator for M

plq
k pu, vq when k ě 1,

as it filters out white noise ε
plq
t p¨q automatically. However this is no longer the case when

k “ 0. This is the major reason why we employ the variational multivariate FPCA to

estimate the finite-dimensional structure based on (21) and (22) instead of the multivariate

FPCA based on (18). It is noteworthy that (23) requires the consistent estimators for

Σy,kpu, vq. Its implementation under the high-dimensional setting can thus be done by

setting pΣy,kpu, vq “ Tωk
ppΣS

y,kqpu, vq defined in (16).

To estimate ψ
plq
j p¨q and ζ

plq
tj in (22), we perform the eigenanalysis for the estimated oper-

ator

pKplq
pu, vq “

k0
ÿ

k“1

ż

U

xM
plq
k pu,wqxM

plq
k pv, wq

J dw (24)

leading to the eigenvalues θ̂
plq
1 ě θ̂

plq
2 ě ¨ ¨ ¨ ě 0, and the corresponding orthonormal eigen-

functions pψ
plq

1 p¨q, pψ
plq

2 p¨q, . . . . To estimate rl (i.e. the number of nonzero eigenvalues), we

take the commonly-adopted ratio-based estimator for rl as:

r̂l “ arg max
jPrn´k0s

θ̂
plq
j ` δ̃n

θ̂
plq
j`1 ` δ̃n

(25)

for some δ̃n ą 0. Under some regularity conditions, such defined r̂l is a consistent estimator

for rl; see Theorem 3 in Section 4. In practice, since δ̃n is usually unknown, we instead adopt
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r̂l “ arg maxjPrcrpn´k0qs θ̂
plq
j {θ̂

plq
j`1, where cr P p0, 1q is a prescribed constant aiming to avoid

fluctuations due to the ratios of extreme small values.

Let ζ̂
plq
tj “

ş

U
pψ

plq

j puqJtpZ
plq
t puq ´ sZplqpuqu du for t P rns, j P rr̂ls and l P rq̂s. We fit a

model for the r̂l-dimensional vector time series pζ
plq

t “ tζ̂
plq
t1 , . . . , ζ̂

plq
tr̂l

uJ with t P rns to obtain

its h-step ahead prediction as ζ̊
plq

n`h and then recover the h-step ahead functional prediction

as

Z̊
plq
n`hpuq “ sZplq

puq `

r̂l
ÿ

j“1

ζ̊
plq
pn`hqj

pψ
plq

j puq , h ě 1 .

We finally obtain the h-step ahead prediction for original functional time series via pYn`hp¨q “

pAZ̊n`hp¨q, where pA “ ppA1, . . . , pAq̂q and Z̊n`hp¨q “ tZ̊
p1q

n`hp¨qJ, . . . , Z̊
pq̂q

n`hp¨qJuJ.

4 Theoretical properties

In this section, we present theoretical analysis of our two-step estimation procedure. To

ease presentation, we focus on the high-dimensional scenario and develop the associated

theoretical results based on the functional threshold estimator Tωk
ppΣS

y,kqpu, vq in (16). To

simplify notation, we use B to denote the linear operator induced from the kernel func-

tion B P S, i.e. for any F P L2pUq, BpFqp¨q “
ş

U Bp¨ , vqFpvq dv P L2pUq. We denote the

p-fold Cartesian product H “ L2pUq ˆ ¨ ¨ ¨ ˆ L2pUq. For any F,G P H, we denote the inner

product by xF,Gy “
ş

U FpuqJGpuq du with the induced norm } ¨ } “ x¨, ¨y1{2, and use B

to denote the linear operator induced from the kernel matrix function B “ pBijqm1ˆm2

with each Bij P S, i.e. for any F P H, BpFqp¨q “
ş

U Bp¨ , vqFpvq dv P H. We write

}B}S,8 “ maxiPrm1s

řm2

j“1 }Bij}S . Before imposing the regularity conditions, we first define

the functional version of sub-Gaussianity that facilities the development of non-asymptotic

results for Hilbert space-valued random elements.

Definition 1. Let Υtp¨q be a mean zero random variable in L2pUq and Σ0 : L2pUq Ñ L2pUq

be a covariance operator. We call Υtp¨q a sub-Gaussian process if there exists a constant
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c ą 0 such that ErexptxF,Υt ´ EpΥtqyus ď expt2´1c2xF,Σ0pFqyu for all F P L2pUq.

Condition 1. (i) tYtp¨qu is a sequence of multivariate functional linear processes with sub-

Gaussian errors, i.e., Ytp¨q “
ř8

l“0Dlpϵt´lq, where Dl “ pDl,ijqpˆp with each Dl,ij P S

and ϵtp¨q “ tϵt1p¨q, . . . , ϵtpp¨quJ with independent components of mean-zero sub-Gaussian

processes satisfying Definition 1; (ii) The coefficient functions satisfy
ř8

l“0 }Dl}S,8 “ Op1q;

(iii) maxjPrps

ş

U Covtϵtjpuq, ϵtjpuqu du “ Op1q.

Condition 2. For tYtp¨qu, its spectral density operator f y,θ “ p2πq´1
ř

kPZΣy,kexpp´ikθq

for θ P r´π, πs exists and the functional stability measure

My “ 2π ess sup
θPr´π,πs,ΦPH0

xΦ,f y,θpΦqy

xΦ,Σy,0pΦqy
ă 8 , (26)

where H0 “ tΦ P H : xΦ,Σy,0pΦqy P p0,8qu.

Condition 1(i) can be viewed as the functional (or multivariate) generalization of the mul-

tivariate (or functional) linear process. Conditions 1(ii) and 1(iii) guarantee the covariance-

stationarity of tYtp¨qu and imply that maxjPrps

∫

U Σy,0,jjpu, uq du “ Op1q (Fang et al., 2022).

Both conditions are essential to derive the convergence rate for pΣS
y,k specified in (15),

maxi,jPrps }pΣS
y,k,ij ´ Σy,k,ij}S “ OptMypn´1log pq1{2u, which plays a crucial rule in our theo-

retical analysis. In general, we can relax Conditions 1(ii) and 1(iii) by allowing
ř8

l“0 }Dl}S,8

and maxjPrps

ş

U Covtϵtjpuq, ϵtjpuqu du to diverge slowly with p, and our established rates below

will depend on these two terms. Condition 2 places a finite upper bound on the functional

stability measure, which characterizes the effect of small decaying eigenvalues of Σy,0 on the

numerator of (26), thus being able to handle infinite-dimensional functional objects Ytjp¨q.

See its detailed discussion in Guo and Qiao (2023).

Condition 3. For A “ pAijqpˆp, maxiPrps

řp
j“1 |Aij|

α ď s1 and maxjPrps

řp
i“1 |Aij|

α ď s2 for

some constant α P r0, 1q.

The parameters s1 and s2 determine the row and column sparsity levels of A, respectively.

We may allow s1 and s2 to grow at some slow rates as p increases. The row sparsity with
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small s1 entails that each component of Ytp¨q is a linear combination of a small number of

components in Ztp¨q, while the column sparsity with small s2 corresponds to the case that

each Ztjp¨q has impact on only a few components of Ytp¨q. The parameter α also controls

the sparsity level of A with a smaller value yielding a sparser A. Write

p: “ max
lPrqs

pl . (27)

Lemma A2 in the supplementary material reveals that the functional sparsity structures

in columns/rows of Σy,kp¨, ¨q are determined by s1s2p: with smaller values of s1, s2 and p:

yielding functional sparser Σy,kp¨, ¨q.

Recall that Wz “ diagpWz,1, . . . ,Wz,qq in (7) is a block-diagonal matrix, where Wz,l is

a pl ˆ pl matrix. We further define

ρ “ min
j‰l

min
λPΛpWz,lq, λ̃PΛpWz,jq

|λ ´ λ̃| , (28)

where ΛpBq denotes the set of eigenvalues of the matrix B, and assume ρ ą 0.

We first establish the group recovery consistency of Step 1, i.e. the segmentation step. To

do this, we reformulate the permutation in Section 2.1 in an equivalent graph representation

way. For Γy specified in (9), it holds that Γy “ AΓz. As shown in Proposition 1(i), Γz

can be taken as a block-diagonal orthogonal matrix with the main block sizes p1, . . . , pq.

Write Γz “ diagpΓz,1, . . . ,Γz,qq. Since A “ pA1, . . . ,Aqq, we have Γy ” pη1, . . . ,ηpq “

pA1Γz,1, . . . ,AqΓz,qq. The columns of Γy are naturally partitioned in to q groups G1, . . . , Gq,

where Gl “ tηřl´1
l1“0

pl1 `1, . . . ,η
řl

l1“0
pl1

u with p0 “ 0. To simplify the notation, we just write

Gl “

" l´1
ÿ

l1“0

pl1 ` 1, . . . ,
l
ÿ

l1“0

pl1

*

, l P rqs . (29)

Recall that the columns of such defined Γy are the eigenvectors of Wy. For ρ defined

in (28), if }xWy ´ Wy}2 ď ρ{5, by Lemma A4 in the supplementary material, there exists

an orthogonal matrix H “ diagpH1, . . . ,Hqq with Hl P Rplˆpl for each l P rqs and a column

permutation matrix R for pΓy, such that pΓyR ” ppΠ1, . . . , pΠqq with pΠl P Rpˆpl , and

}pΠl ´ AlΓz,lHl}2 ď 8ρ´1
}xWy ´ Wy}2 . (30)
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If the p eigenvalues of Wy are distinct, H is a diagonal matrix with elements in the diagonal

being 1 or ´1. Write ΓyH “ pA1Γz,1H1, . . . ,AqΓz,qHqq ” pγ1, . . . ,γpq. For each l P rqs, we

can define a graph pGl, Elq such that pi, jq P El if and only if max|k|ďm }γJ

i Σy,kγj}S ‰ 0.

Condition 4. There exists some ς ą 0 such that infpi,jqPEl
max|k|ďm }γJ

i Σy,kγj}S ě ς for

each l P rqs, where m is specified in (12).

Condition 4 ensures that the group Gl is inseparable at the minimal signal level ς given

the transformation AlΓz,lHl for each l P rqs. Define Tij “ max|k|ďm }γJ

i Σy,kγj}S and ϱ “

řq
l“1 |El|. Rearrange ℵ “ ppp ´ 1q{2 values of Tij (1 ď i ă j ď p) in the descending order,

Tp1q ě ¨ ¨ ¨ ě Tpℵq. We then have Tpiq ě ς for i P rϱs and Tpiq “ 0 for i ě ϱ ` 1. Denote by

E “ tpi, jq : Tij ě Tpϱq, 1 ď i ă j ď pu the edge set of G “ rps under the transformation

ΓyH. The true segmentation tG1, . . . , Gqu in (29) can then be identified by splitting pG,Eq

into q isolated subgraphs pG1, E1q, . . . , pGq, Eqq.

Recall that with the aid of pΓy, the estimated segmentation is obtained via the ratio-

based estimator ϱ̂ as defined in (13). To be specific, we build an estimated graph pG, rEq

with vertex set G “ rps and edge set rE “ tpi, jq : pTij ě pTpϱ̂q, 1 ď i ă j ď pu, and split it

into q̂ isolated subgraphs p rG1, rE1q, . . . , p rGq̂, rEq̂q. Note that p columns of pΓy “ ppη1, . . . , pηpq

correspond to the ordered eigenvalues λ1pxWyq ě ¨ ¨ ¨ ě λppxWyq. Write pΓyR ” ppγ1, . . . , pγpq

and let π : rps Ñ rps denote the permutation associated with R, i.e. pγi “ pηπpiq. Based on

the permutation mapping π, we let pGl “ tπ´1piq : i P rGlu for l P rq̂s.

Theorem 1. Let Conditions 1–4 hold. For each |k| ď k0 _m, select ωk “ ckMypn´1log pq1{2

in (16) for some sufficiently large constant ck ą 0. Assume pρ´1s21s
2
2p

3´α
: q2{p1´αqM2

y log p “

opnq and δn in (13) satisfies ρ´1s31s
3
2p

5´2α
: M1´α

y pn´1 log pqp1´αq{2 ! δn ! ς2T´1
p1q

, where p: and

ρ are specified in (27) and (28), respectively. As n Ñ 8, it holds that (i) Ppq̂ “ qq Ñ 1 and

(ii) there exists a permutation π̃ : rqs Ñ rqs such that Pr
Şq

l“1t pGπ̃plq “ Glu | q̂ “ qs Ñ 1.

Theorem 1 gives the group recovery consistency of our Step 1. We next evaluate the errors

in estimating CpAlq for l P rqs. Based on the estimated groups t pG1, . . . , pGq̂u, we reorganize
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the order of ppγ1, . . . , pγpq “ ppηπp1q, . . . , pηπppqq and define pAl in (14) as pAl “ ppγiqiP pGl
for l P rq̂s.

We consider a general discrepancy measure (Chang et al., 2015) between two linear spaces

CpB1q and CpB2q spanned by the columns of B1 P Rpˆp̃1 and B2 P Rpˆp̃2 , respectively, with

BJ

i Bi “ Ip̃i for i P r2s as

DtCpB1q, CpB2qu “

d

1 ´
trpB1BJ

1B2BJ

2 q

maxpp̃1, p̃2q
P r0, 1s . (31)

Then DtCpB1q, CpB2qu is equal to 0 if and only if CpB1q Ă CpB2q or CpB2q Ă CpB1q, and to

1 if and only if the two spaces are orthogonal.

Theorem 2. Let conditions for Theorem 1 hold. As n Ñ 8, it holds that

max
lPrqs

min
jPrq̂s

DtCpAlq, CppAjqu “ Op

␣

ρ´1s21s
2
2p

3´α
: M1´α

y pn´1log pq
p1´αq{2

(

.

Theorem 2 presents the uniform convergence rate for minjPrq̂s DtCpAlq, CppAjqu over l P

rqs, which is determined by both dimensionality parameters (n, p, p:, s1, s2) and internal

parameters (My, α). The rate is faster for smaller values of ts1, s2, p:,My, αu, while enlarging

the minimum eigen-gap between different blocks (i.e., larger ρ) reduces the difficulty of

estimating each CpAlq.

Supported by Theorems 1 and 2, our subsequent theoretical results are developed by

assuming that the group structure of Ztp¨q is correctly identified or known, i.e., q̂ “ q and

pGl “ Gl for each l. We now turn to investigate the theoretical properties of Step 2, i.e. the

dimension reduction step. Inherited from the segmentation step, Z
p1q

t p¨q, . . . ,Z
pqq

t p¨q rely on

the specific form of A “ pA1, . . . ,Aqq, and thus is not uniquely defined. Yet intuitively,

we only require a certain transformation matrix to make our subsequent analysis related to

pη1, . . . , pηp mathematically tractable. Based on (30), we define Πl “ AlΓz,lHl and it holds

that CpΠlq “ CpAlq for each l P rqs. Let Z
plq
t p¨q “ ΠJ

l Ytp¨q. Recall (1) and (22). The

primary goal of Step 2 is to identify each rl and to estimate the associated dynamic space

Cl “ spantψ
plq
1 p¨q, . . . ,ψplq

rl
p¨qu. Recall that tθ̂

plq
j ,

pψ
plq

j p¨qujě1 are the eigenvalue/eigenfunction
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pairs of pKplqp¨, ¨q defined in (24) with pAl “ ppγiqiPGl
and the dimension rl is a fixed finite

integer for all l P rqs. Our asymptotic results are based on the following regularity condition:

Condition 5. For each l P rqs, all rl nonzero eigenvalues of Kplqp¨, ¨q are different, i.e.,

θ
plq
1 ą ¨ ¨ ¨ ą θ

plq
rl ą 0 “ θ

plq
rl`1 “ ¨ ¨ ¨ .

Theorem 3. Let Conditions 1–3 and 5 hold. Assume pρ´1s31s
3
2p

5´2α
: q2{p1´αqM2

y log p “ opnq

and δ̃n in (25) satisfies ρ´1s31s
3
2p

7´2α
: M1´α

y pn´1 log pqp1´αq{2 ! δ̃n ! minlPrqstθ
plq
rl u2{ maxlPrqs θ

plq
1 ,

where p: and ρ are specified in (27) and (28), respectively. As n Ñ 8, it holds that

Pr
Şq

l“1tr̂l “ rlus Ñ 1.

Theorem 3 shows that rl can be correctly identified with probability tending to one

uniformly over l P rqs. Let pCl “ spantpψ
plq

1 p¨q, . . . , pψ
plq

r̂l
p¨qu be the dynamic space spanned by

r̂l estimated eigenfunctions. To measure the discrepancy between Cl and pCl, we introduce

the following metric. For two subspaces Cpb1q “ spantb11p¨q, . . . ,b1r̃1p¨qu and Cpb2q “

spantb21p¨q, . . . ,b2r̃2p¨qu satisfying xbij,biky “ Ipj “ kq for each i P r2s, the discrepancy

measure between Cpb1q and Cpb2q is defined as

rDtCpb1q, Cpb2qu “

g

f

f

e1 ´
1

maxpr̃1, r̃2q

r̃1
ÿ

j“1

r̃2
ÿ

k“1

xb1j,b2ky2 P r0, 1s ,

which equals 0 if and only if Cpb1q Ă Cpb2q or Cpb2q Ă Cpb1q and 1 if and only if two spaces

are orthogonal.

Theorem 4. Let conditions for Theorem 3 hold. Assume p∆´1ρ´1s31s
3
2p

7´2α
: q2{p1´αqM2

y log p “

opnq with ∆ “ minlPrqs,jPrrlstθ
plq
j ´ θ

plq
j`1u. As n Ñ 8, it holds that

max
lPrqs

rDppCl, Clq “ Op

␣

∆´1ρ´1s31s
3
2p

7´2α
: M1´α

y pn´1log pq
p1´αq{2

(

.

5 Simulation studies

We conduct a series of simulations to illustrate the finite sample performance of the proposed

methods for cases with fixed p and large p in Sections 5.1 and 5.2, respectively.
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To simplify the data generating process, we consider a relaxed form of (2), written as

qYtpuq “ qAqZtpuq “ qAtqZ
p1q

t puq
J, . . . , qZ

pqq

t puq
J
u

J , u P U “ r0, 1s , (32)

with no orthogonality restriction on the transformation matrix qA “ pqA1, . . . , qAqq. The

p-dimensional transformed functional time series qZtp¨q is formed by q uncorrelated groups

tqZ
plq
t p¨q : l P rqsu, where each group qZ

plq
t p¨q is decomposed as the sum of a dynamic element

qX
plq
t p¨q and a white noise element ε̌

plq
t p¨q, i.e. qZ

plq
t p¨q “ qX

plq
t p¨q` ε̌

plq
t p¨q. Based on (4) in Section

2, model (32) can then be easily reformulated as (2) by setting

Ytp¨q “ V
´1{2
y̌

qYtp¨q , A “ V
´1{2
y̌

qAV
1{2
ž and Ztp¨q “ V

´1{2
ž

qZtp¨q , (33)

where Vy̌ “
ş

U CovtqYtpuq, qYtpuqu du and Vž “
ş

U CovtqZtpuq, qZtpuqu du. Then the orthogo-

nality of A is satisfied.

Write ε̌tp¨q “ tε̌
p1q

t p¨qJ, . . . , ε̌
pqq

t p¨qJuJ ” tε̌t1p¨q, . . . , ε̌tpp¨quJ. We generate each curve com-

ponent of ε̌tp¨q independently by ε̌tjpuq “
ř10

l“1 2´pl´1qetjlψlpuq for j P rps, where etjl’s are

sampled independently from N p0, 1q and tψlp¨qu10l“1 is a 10-dimensional Fourier basis function.

The finite-dimensional dynamics qXtp¨q “ tqX
p1q

t p¨qJ, . . . , qX
pqq

t p¨qJuJ with prescribed group

structure is generated based on some 5-dimensional curve dynamics ϑtgpuq “
ř5

l“1 κtglψlpuq

for g P r20s. The basis coefficients κtg “ pκtg1, . . . , κtg5q
J are generated from a stationary

VAR model κtg “ Ugκpt´1qg `et for each g. To guarantee the stationarity of κtg, we generate

Ug “ ιqUg{ρpqUgq with ι „ Uniformr0.5, 1s and ρpqUgq being the spectral radius of qUg P R5ˆ5,

the entries of which are sampled independently from Uniformr´3, 3s. The components of the

innovation et are sampled independently from N p0, 1q. We will specify the exact forms of

qXtp¨q under the fixed and large p scenarios in Sections 5.1 and 5.2, respectively. The white

noise sequence ε̌tp¨q ensures that qZtp¨q as well as Ztp¨q share the same group structure as

qXtp¨q. Unless otherwise stated, we set k0 “ m “ 5 and cr “ cϱ “ 0.75 in our procedure, as

our simulation results suggest that our procedure is robust to the choices of these parameters.
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5.1 Cases with fixed p

We consider the following three examples of qXtp¨q “ tX̌t1p¨q, . . . , X̌tpp¨quJ with different group

structures for p P t6, 10, 15u based on independent ϑt1p¨q, . . . , ϑt5p¨q.

Example 1. X̌t1p¨q “ ϑt1p¨q, X̌tjp¨q “ ϑpt`j´2q2p¨q for j P t2, 3u and X̌tjp¨q “ ϑpt`j´4q3p¨q

for j P t4, 5, 6u.

Example 2. X̌tjp¨q for j P r6s are the same as those in Example 1 and X̌tjp¨q “

ϑpt`j´7q4p¨q for j P t7, . . . , 10u.

Example 3. X̌tjp¨q for j P r10s are the same as those in Example 2 and X̌tjp¨q “

ϑpt`j´11q5p¨q for j P t11, . . . , 15u.

Therefore, qXtp¨q consists of q “ 3, 4 and 5 uncorrelated groups of curve subseries in Exam-

ples 1, 2 and 3, respectively, where the number of component curves per group is pl “ l

for l P rqs. The p-dimensional observed functional time series qYtp¨q “ tY̌t1p¨q, . . . , Y̌tpp¨quJ

for t P rns is then generated by (32) with the entries of qA sampled independently from

Uniformr´3, 3s. To obtain h-step ahead prediction of qYtp¨q, we integrate the segmentation

and dimension reduction steps respectively in Sections 2 and 3 into the VAR estimation as

outlined in Algorithm 1. For each of the three examples introduced above, we select

pV
phq

y̌ “
1

n ´ h

n´h
ÿ

t“1

ż

U

"

qYtpuq ´
1

n ´ h

n´h
ÿ

t“1

qYtpuq

*b2

du , (34)

pΣ
phq

ỹ,kpu, vq “
1

n ´ h ´ k

n´h´k
ÿ

t“1

trYtpuq ´ Ȳ˚puqutrYt`kpvq ´ Ȳ˚pvqu
J , (35)

with Ȳ˚p¨q “ pn´h´kq´1
řn´h´k

t“1
rYtp¨q, for the quantities involved in Step (i) of Algorithm 1.

We refer to the segmentation-and-VAR-based Algorithm 1 with selections of pV
phq

y̌ in (34)

and pΣ
phq

ỹ,kpu, vq in (35) as SegV hereafter.
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Algorithm 1 General prediction procedure for multivariate functional time series

(i) Treat the first n ´ h observations as training data, adopt the normalization step to

obtain rYtp¨q “ tpV
phq

y̌ u´1{2
qYtp¨q, where pV

phq

y̌ is the consistent estimator of Vy̌ in (33),

and implement the segmentation procedure on trYtp¨qu
n´h
t“1 as in Section 2.1 to estimate

the transformation matrix pA “ ppA1, . . . , pAq̂q and the transformed curve subseries

tpZ
plq
t p¨q : l P rq̂su.

(ii) Apply the procedure in Section 3 on each tpZ
plq
t p¨qu

n´h
t“1 to achieve the h-step ahead

prediction denoted as Z̊
plq
n p¨q, for l P rq̂s. In particular, for each l, select the best VAR

model that best fits each lower-dimensional vector process tpζ
plq

t u
n´h
t“1 according to the

AIC criterion.

(iii) Obtain the h-step ahead prediction pAZ̊np¨q for the normalized curves rYnp¨q with

Z̊np¨q “ tZ̊
p1q
n p¨qJ, . . . , Z̊

pq̂q
n p¨qJuJ. Then the h-step ahead prediction for the original

curves qYnp¨q is given by pYnp¨q ” tŶn1p¨q, . . . , Ŷnpp¨quJ “ tpV
phq

y̌ u1{2
pAZ̊np¨q.

The performance of our two-step proposal is examined in terms of linear space estimation,

group identification and post-sample prediction. For A “ pA1, . . . ,Aqq specified in (33), with

the aid of (31), define fplq “ arg minjPrq̂s D
2tCpAlq, CppAjqu for each l P rqs. We then call

pA “ ppA1, . . . , pAq̂q an effective segmentation of A if (i) 1 ă q̂ ď q, and (ii) rankppAl1q “

ř

lPrqs: fplq“l1 rankpAlq for each l1 P rq̂s. The intuition is as follows. The effective segmentation

implies that each identified group in pZtp¨q contains at least one, but not all, groups in

Ztp¨q. Since our main target is to forecast qYtp¨q based on the cross-serial dependence in

tZ
plq
t p¨q : l P rqsu, this segmentation result is effective in the sense that the linear dynamics

in Ztp¨q is well kept in tpZ
plq
t p¨q : l P rq̂su without any contamination or damage and a mild

dimension reduction is achieved with q̂ ą 1. For the special case of complete segmentation

(q̂ “ q), we use the maximum and averaged estimation errors for ppA1, . . . , pAq̂q, respectively,

defined as MaxE “ maxlPrqs D
2tCpAlq, CppAfplqqu and AvgE “ q´1

řq
l“1D

2tCpAlq, CppAfplqqu
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to assess the ability of our method in fully recovering the spanned spaces CpA1q, . . . , CpAqq.

Note that A in (33) can not be easily computed, as the true Vy̌ and Vž are hard to find

even for simulated examples. For qA specified in (32), let rA “ V
´1{2
y̌

qA ” prA1, . . . , rAqq with

rAl “ V
´1{2
y̌

qAl. Since Vž is a block-diagonal matrix, then CprAlq “ CpAlq for l P rqs. Hence,

we can replace CpAlq by CptpV
phq

y̌ u´1{2
qAlq to obtain the approximations of MaxE and AvgE

in our simulations.

To evaluate the post-sample predictive accuracy, we define the mean squared prediction

error (MSPE) as

MSPE “
1

pN

p
ÿ

j“1

N
ÿ

i“1

tŶnjpviq ´ Y̌njpviqu
2 (36)

with v1, . . . , vN being equally spaced time points in r0, 1s, and compute the relative prediction

error as the ratio of MSPE in (36) to that under the ‘oracle’ case. In the oracle case, we

apply the procedure in Section 3 directly on each true tqZ
plq
t p¨qu

n´h
t“1 to achieve the h-step

ahead prediction for tqZ
plq
n p¨q : l P rqsu, denoted by tZ̆

plq
n p¨q : l P rqsu, and further obtain the h-

step ahead prediction qAtZ̆
p1q
n p¨qJ, . . . , Z̆

pqq
n p¨qJuJ for the original curves qYtp¨q. By comparison,

we also implement an univariate functional prediction method on each Y̌tjp¨q separately

by performing univariate dimension reduction (Bathia et al., 2010), then predicting vector

time series based on the best fitted VAR model and finally recovering functional prediction

(denoted as UniV).

We generate n P t200, 400, 800, 1600u observations with N “ 30 for each example and

replicate each simulation 500 times. Table 1 provides numerical summaries, including the

relative frequencies of the effective segmentation with q̂ “ q and q̂ ě q´1, and the estimation

errors for pA “ ppA1, . . . , pAq̂q under the complete segmentation case. As one would expect, the

proposed method provides higher proportions of effective segmentation and lower estimation

errors as n increases, and performs fairly well for reasonably large n as p increases. For

pp, nq “ p6, 200q, we observe 62.6% complete segmentation with AvgE as low as 0.079.

Furthermore, the proportions of effective segmentation with q̂ ě q ´ 1 are above 93% for
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n ě 200. Similar results can be found for cases of pp, nq “ p10, 800`q and p15, 1600q, whose

proportions of effective segmentation with q̂ ě q ´ 1 remain higher than 87.4% and 83.2%,

respectively. Table 1 also reports the relative one-step ahead prediction errors. It is evident

that SegV significantly outperforms UniV in all settings, demonstrating the effectiveness

of our proposed segmentation transformation and dimension reduction in predicting future

values. Although the proportions of complete segmentation are not high especially when

p “ 15, the corresponding proportions of q̂ ě q ´ 1 become substantially higher, and SegV

performs very similarly to the oracle case with its relative prediction errors being close to 1.

5.2 Cases with large p

Under a large p scenario, a natural question to ask is whether the segmentation method based

on the classical estimation for autocovariance functions of rYtp¨q (denoted as NonT) as (35) in

Section 5.1 still performs well, and if not, whether a satisfactory improvement is attainable

via the functional-thresholding estimation (denoted as FunT) developed in Section 2.2. To

this end, we generate qYtp¨q from model (32) with p P t30, 60u and n P t200, 400u. Specifically,

we let X̌tp3l´2qp¨q “ ϑtlp¨q, X̌tp3l´1qp¨q “ ϑpt`1qlp¨q, X̌tp3lqp¨q “ ϑpt`2qlp¨q for l P rqs. This setting

ensures q uncorrelated groups of curve subseries in qXtp¨q with pl “ 3 component curves per

group and hence q “ 10 and 20 correspond to p “ 30 and 60, respectively. Let the p ˆ p

transformation matrix qA “ ∆1 ` δ∆2. Here ∆1 “ diagt∆11, . . . ,∆1pp{6qu with elements of

each ∆1i P R6ˆ6 being sampled independently from Uniformr´3, 3s for i P rp{6s, and ∆2 is

a matrix with two randomly selected nonzero elements from Uniformr´1, 1s each row. We

set δ P t0.1, 0.5u. It is notable that our setting results in a very high-dimensional learning

task in the sense that the intrinsic dimension 30 ˆ 5 “ 150 or 60 ˆ 5 “ 300 is large relative

to the sample size n “ 200 or 400.

We assess the performance of NonT and FunT in discovering the group structure. The

optimal thresholding parameters ω̂k in FunT are selected by the five-fold cross-validation
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Table 1: The relative frequencies of effective segmentation with respect to q̂ “ q and

q̂ ě q ´ 1, and the means (standard deviations) of MaxE, AvgE, and relative MSPEs over

500 simulation runs.

n = 200 n = 400 n = 800 n = 1600

Example 1

(p = 6)

q̂ “ q 0.626 0.722 0.772 0.880

q̂ ě q ´ 1 0.930 0.988 0.998 1.000

MaxE 0.128(0.088) 0.089(0.066) 0.053(0.048) 0.035(0.037)

AvgE 0.079(0.052) 0.053(0.038) 0.030(0.025) 0.019(0.019)

SegV 1.081(0.172) 1.048(0.105) 1.026(0.065) 1.014(0.048)

UniV 1.584(0.453) 1.598(0.423) 1.596(0.379) 1.651(0.443)

Example 2

(p = 10)

q̂ “ q 0.324 0.444 0.644 0.806

q̂ ě q ´ 1 0.490 0.688 0.874 0.972

MaxE 0.301(0.108) 0.193(0.090) 0.117(0.064) 0.072(0.049)

AvgE 0.183(0.059) 0.115(0.047) 0.069(0.035) 0.041(0.024)

SegV 1.291(0.271) 1.174(0.215) 1.089(0.143) 1.059(0.091)

UniV 1.708(0.404) 1.836(0.410) 1.841(0.436) 1.862(0.392)

Example 3

(p = 15)

q̂ “ q 0.032 0.178 0.410 0.622

q̂ ě q ´ 1 0.086 0.344 0.616 0.832

MaxE 0.426(0.091) 0.347(0.121) 0.241(0.113) 0.157(0.091)

AvgE 0.273(0.054) 0.195(0.050) 0.128(0.042) 0.077(0.033)

SegV 1.477(0.313) 1.363(0.277) 1.166(0.156) 1.091(0.098)

UniV 1.805(0.370) 1.967(0.394) 2.033(0.394) 2.001(0.384)

as discussed in Remark 2 in Section 2.2, and Vy̌ in the normalization step is estimated

by pV
p0q

y̌ given in (34), as the threshold version of pV
p0q

y̌ might not be positive definite. In

practice, when p is large, FunT may lead to segmentation with a small q̂, indicating that

some groups of tpZ
plq
t p¨q : l P rq̂su contain multiple groups in tZ

plq
t p¨q : l P rqsu. To ease the

modelling burden of complex VAR process, we may consider performing further segmentation
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transformation on the estimated groups by repeating FunT R times. To be precise, the i-th

round of segmentation transformation via FunT is performed within each group discovered

in the pi´ 1q-th round with cϱ “ 1 for i P rRs, and hence ppA1, . . . , pAq̂q is updated after each

iteration. Table 2 reports the relative frequencies of the effective segmentation for NonT

and FunT with R P t1, 5, 10u. Finally, we apply FunT-based SegV (denoted as FTSegV)

in conjunction with the R-round segmentation transformation for R P t1, 5, 10u in Step (i)

of Algorithm 1, and compare their one-step ahead predictive performance with UniV and

SegV. Table 3 summarizes the relative prediction errors for all five comparison methods.

Several conclusions can be drawn from Tables 2 and 3. First, the performance of SegV

severely deteriorates under the high-dimensional setting. Specifically, this procedure does

not detect any effective segmentation, thus resulting in elevated prediction errors. By com-

parison, FTSegV exhibits superior predictive ability over SegV and UniV. In particular, for

large n, e.g. n “ 400, FTSegV does a reasonably good job in recovering the group structure

of Ztp¨q and performs comparably well to the oracle method with the relative prediction

errors lower than 1.149 in all scenarios. Second, comparing the results for n “ 200 among

different R, we observe an interesting phenomenon that even though the relative frequen-

cies of effective segmentation for FunT drop as R increases, implying that some groups in

tpZ
plq
t p¨q : l P rq̂su are split incorrectly before forecasting, the prediction errors stay low and

slightly decrease as shown in Table 3. This is not surprising, since further segmentation

based on FunT yields fewer parameters to be estimated in VAR models and thus benefits

the forecasting accuracy even if a few small but significant cross-covariances of Ztp¨q are

ignored. Such finding highlights the success of FTSegV and its R-round segmentation in

the sense that although FTSegV may not be able to accurately recover the group structure

in Ztp¨q for a small n, it achieves an appropriate dimension reduction to provide significant

improvement in high-dimensional functional prediction.
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Table 2: The relative frequencies of effective segmentation over 500 simulation runs.

pp, δq

NonT FunT

n “ 200 n “ 400
R “ 1 R “ 5 R “ 10

n “ 200 n “ 400 n “ 200 n “ 400 n “ 200 n “ 400

(30, 0.1) 0 0 0.706 1.000 0.556 1.000 0.546 1.000

(30, 0.5) 0 0 0.588 1.000 0.436 1.000 0.420 1.000

(60, 0.1) 0 0 0.298 1.000 0.148 1.000 0.144 1.000

(60, 0.5) 0 0 0.194 0.996 0.078 0.990 0.072 0.990

Table 3: Means (standard deviations) of relative MSPEs over 500 simulation runs.

Method pp, δq n =200 n =400 pp, δq n =200 n =400

FTSegV (R “ 1)

(30, 0.1)

1.243(0.162) 1.095(0.105)

(60, 0.1)

1.249(0.122) 1.110(0.073)

FTSegV (R “ 5) 1.225(0.153) 1.091(0.101) 1.250(0.123) 1.104(0.071)

FTSegV (R “ 10) 1.222(0.151) 1.087(0.099) 1.249(0.122) 1.099(0.071)

SegV 1.814(0.376) 1.901(0.368) 1.813(0.271) 1.907(0.265)

UniV 1.631(0.313) 1.735(0.317) 1.599(0.214) 1.682(0.210)

FTSegV (R “ 1)

(30, 0.5)

1.268(0.176) 1.134(0.134)

(60, 0.5)

1.285(0.134) 1.149(0.101)

FTSegV (R “ 5) 1.255(0.171) 1.128(0.130) 1.282(0.136) 1.142(0.098)

FTSegV (R “ 10) 1.250(0.168) 1.128(0.127) 1.281(0.136) 1.141(0.099)

SegV 1.815(0.377) 1.903(0.369) 1.813(0.271) 1.905(0.264)

UniV 1.635(0.315) 1.740(0.317) 1.603(0.215) 1.684(0.209)

6 Real data analysis

In this section, we apply our proposed SegV and FTSegV to three real data examples arising

from different fields. Our main goal is to evaluate the post-sample predictive accuracy of both

methods. By comparison, we also implement componentwise univariate prediction method

(UniV) and the multivariate prediction method of Gao et al. (2019) (denoted as GSY) to

jointly predict p component series by fitting a factor model to estimated scores obtained
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via eigenanalysis of the long-run covariance function (Hörmann et al., 2015). To evaluate

the effectiveness of the segmentation transformation and its impact on prediction, we forge

two other segmentation cases, namely under-segmentation and over-segmentation, for both

SegV and FTSegV (denoted as Under.SegV, Over.SegV, Under.FTSegV and Over.FTSegV,

respectively). Denote by t pGl : l P rq̂su the segmented groups of tpZ
plq
t p¨q : l P rq̂su discovered in

Step (i) of Algorithm 1 (seen also as correct-segmentation). The under-segmentation updates

t pGl : l P rq̂su by merging two groups pGl1 and pGl11
together before subsequent analysis, where

arg max
pi,jq: iP pGl, jP pGl1 , 1ďl‰l1ďq̂

pTij P pGl1 ˆ pGl11
with pTij defined in (12). The over-segmentation,

on the other hand, regards each curve component of tpZ
plq
t p¨q : l P rq̂su as an individual group

and then applies UniV componentwisely. For a fair comparison, the orders of VAR models

adopted in all SegV/FTSegV-related methods and UniV are determined by the AIC criterion

without any fine-tuning being applied, while GSY is implemented using the R package ftsa.

To examine the predictive performance, we apply an expanding window approach to the

observed data Y̌tjpviq for t P rns, j P rps, i P rN s. We first split the dataset into a training set

and a test set respectively consisting of the first n1 and the remaining n2 observations. For

any positive integer h, we implement each comparison method on the training set tY̌tjpviq :

t P rn1s, j P rps, i P rN su and obtain its h-step ahead prediction, denoted as Ŷ
phq

pn1`hqjpviq, based

on the fitted model. We then increase the training size by one, i.e. tY̌tjpviq : t P rn1 ` 1s, j P

rps, i P rN su, refit the model and compute the next h-step ahead prediction Ŷ
phq

pn1`1`hqjpviq for

j P rps, i P rN s. Repeat the above procedure until the last h-step ahead prediction Ŷ
phq

nj pviq

is produced. Finally, we compute the h-step ahead mean absolute prediction error (MAPE)

and mean squared prediction error (MSPE), respectively, defined as

MAPEphq “
1

pn2 ` 1 ´ hqpN

n
ÿ

t“n1`h

p
ÿ

j“1

N
ÿ

i“1

|Ŷ
phq

tj pviq ´ Y̌tjpviq| ,

MSPEphq “
1

pn2 ` 1 ´ hqpN

n
ÿ

t“n1`h

p
ÿ

j“1

N
ÿ

i“1

tŶ
phq

tj pviq ´ Y̌tjpviqu
2 .

(37)

28



6.1 UK annual temperature data

The first dataset, which is available at https://www.metoffice.gov.uk/research/climate/

maps-and-data/historic-station-data, consists of monthly mean temperature collected

at p “ 22 measuring stations across Britain from 1959 to 2020 (n “ 62). Let Y̌tjpviq (t P r62s,

j P r22s, i P r12s) be the mean temperature during month vi “ i of year 1958 ` t measured

at the j-th station. The observed temperature curves are smoothed using a 10-dimensional

Fourier basis that characterize the periodic pattern over the annual cycle. We divide the

smoothed dataset into the training set of size n1 “ 41 and the test set of size n2 “ 21. Since

the smoothed curve series exhibit very weak autocorrelations when lags are beyond 3 and

the training size is relatively small, we use k0 “ m “ 3 in our procedure for this example.

The values of MAPE and MSPE for h P t1, 2, 3u defined in (37) are summarized in Table 4.

Several obvious patterns are observable. First, our proposed SegV and FTSegV perform sim-

ilarly well and both provide the highest predictive accuracies among all comparison methods

for all h. This demonstrates the effectiveness of reducing the number of parameters via the

segmentation in predicting high-dimensional functional time series, while the latent trans-

formation matrix may not be approximately sparse in practice. Second, although the cases

of under- and over-segmentation are slightly inferior to the correct-segmentation case, they

significantly outperform UniV and GSY in one- and two-step-ahead predictions. It is worth

noting that the over segmentation ignores all the correlations among different components of

transformed curves, whereas UniV neglects those of original curves. This observation reveals

that the transformation can also improve the prediction efficiently.

6.2 Japanese mortality data

The second dataset, which can be downloaded from https://www.ipss.go.jp/p-toukei/

JMD/index-en.html, contains age-specific and gender-specific mortality rates for p “ 47

prefectures in Japan during 1975 to 2017 (n “ 43). Following the recent proposal of Gao et al.
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Table 4: MAFEs and MSFEs for eight competing methods on the UK temperature curves

for h P t1, 2, 3u.

Method
MAFE MSFE

h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3

SegV 0.786 0.806 0.827 1.073 1.075 1.155

Under.SegV 0.805 0.826 0.883 1.152 1.135 1.266

Over.SegV 0.797 0.821 0.845 1.101 1.126 1.174

FTSegV 0.789 0.806 0.828 1.077 1.073 1.158

Under.FTSegV 0.791 0.820 0.872 1.105 1.112 1.250

Over.FTSegV 0.797 0.821 0.845 1.101 1.126 1.174

UniV 0.936 0.951 0.976 1.450 1.450 1.458

GSY 0.894 0.884 0.854 1.346 1.338 1.219

(2019), we model the log transformation of the mortality rate of people aged vi “ i´1 living in

the j-th prefecture during year 1974` t as a random curve Y̌tjpviq (t P r43s, j P r47s, i P r96s)

and perform smoothing for observed mortality curves via smoothing splines. The post-

sample prediction are carried out in an identical way to Section 6.1. We choose k0 “ m “ 3

in our estimation procedure and treat the smoothed curves in the first n1 “ 33 years and

the last n2 “ 10 years as the training sample and the test sample, respectively.

Table 5 reports the MAPEs and MSPEs for Japanese females and males. Again it is

obvious that SegV and FTSegV provide the best predictive performance uniformly for both

females and males, and all h.One may also notice that, compared with SegV and Under.SegV,

Over.SegV does not perform well for males. In most cases, the transformed curve series for

males admits q̂ “ 44 groups with 43 groups of size 1 and one large group of size 4. However,

Over.SegV fails to account for the cross serial dependence within the large group of 4, thus

leading to less accurate predictions. On the other hand, the transformed curves for females

reveal a common structure with one group of size 2 and the remaining groups of size 1. As
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expected, Over.SegV performs slightly better in this case. This finding again confirms the

effectiveness of our procedure, in particular, the within group cross dependence information

is also valuable in the post-sample prediction.

Table 5: MAFEs and MSFEs for eight competing methods on the Japanese female and male

mortality curves for h P t1, 2, 3u. All numbers are multiplied by 10.

Method
MAFE MSFE MAFE MSFE

h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3

SegV

Female

1.393 1.414 1.468 0.482 0.470 0.486

Male

1.374 1.461 1.543 0.436 0.453 0.481

Under.SegV 1.537 1.661 1.853 0.528 0.560 0.642 1.394 1.491 1.608 0.443 0.464 0.503

Over.SegV 1.427 1.610 1.814 0.482 0.520 0.588 1.506 1.678 1.897 0.468 0.514 0.603

FTSegV 1.392 1.417 1.468 0.484 0.471 0.484 1.376 1.444 1.521 0.435 0.446 0.473

Under.FTSegV 1.542 1.661 1.846 0.533 0.560 0.638 1.389 1.482 1.596 0.440 0.460 0.499

Over.FTSegV 1.433 1.617 1.816 0.484 0.523 0.588 1.512 1.673 1.894 0.470 0.512 0.604

UniV 1.602 1.858 2.136 0.523 0.618 0.737 1.568 1.855 2.167 0.485 0.595 0.743

GSY 1.618 1.691 1.682 0.678 0.733 0.706 1.550 1.581 1.576 0.669 0.663 0.628

6.3 Energy consumption data

Our third dataset contains energy consumption readings (in kWh) taken at half hourly in-

tervals for thousands of London households, and is available at https://data.london.gov.

uk/dataset/smartmeter-energy-use-data-in-london-households. In our study, we se-

lect households with flat energy prices during the period between December 2012 and May

2013 (n “ 182) after removing samples with too many missing records, and hence construct

4000 samples of daily energy consumption curves observed at N “ 48 equally spaced time

points. To alleviate the impact of randomness from individual curves, we randomly split the

data into p groups of equal size, then take the sample average of curves within each group

and finally smooth the averaged curves based on a 15-dimensional Fourier basis. We target

to evaluate the h-day ahead predictive accuracy for the p-dimensional intraday energy con-
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sumption averaged curves in May 2013 based on the training data from December 2012 to

the previous day. The eight comparison methods are built in the same manner as Section 6.1

with k0 “ m “ 5.

Table 6 presents the mean prediction errors for h P t1, 2, 3u and p P t40, 80u. A few

trends are apparent. First, the prediction errors for p “ 80 are higher than those for

p “ 40 as higher dimensionality poses more challenges in prediction. Second, likewise in

previous examples, SegV and FTSegV attain the lowest prediction errors in comparison to

five competing methods under all scenarios. All segmentation-based methods consistently

outperform UniV and GSY by a large margin. Third, despite being developed for high-

dimensional functional time series prediction, GSY provides the worst result in this example.

Table 6: MAFEs and MSFEs for eight competing methods on the energy consumption curves

for h P t1, 2, 3u and p P t40, 80u. All numbers are multiplied by 102.

Method
MAFE MSFE MAFE MSFE

h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3 h “ 1 h “ 2 h “ 3

SegV

p “ 40

1.639 1.748 1.793 0.047 0.053 0.054

p “ 80

1.996 2.058 2.071 0.070 0.075 0.075

Under.SegV 1.669 1.766 1.794 0.048 0.054 0.054 2.025 2.092 2.104 0.072 0.077 0.077

Over.SegV 1.709 1.873 1.964 0.049 0.058 0.062 2.022 2.132 2.187 0.070 0.078 0.081

FTSegV 1.637 1.747 1.791 0.047 0.053 0.054 2.012 2.055 2.070 0.071 0.074 0.074

Under.FTSegV 1.669 1.766 1.793 0.048 0.054 0.054 2.040 2.087 2.104 0.073 0.076 0.077

Over.FTSegV 1.708 1.872 1.963 0.049 0.058 0.062 2.045 2.138 2.190 0.072 0.078 0.081

UniV 1.867 2.009 2.109 0.058 0.067 0.072 2.221 2.362 2.463 0.083 0.093 0.100

GSY 2.142 2.264 2.320 0.099 0.110 0.119 2.833 2.826 2.781 0.159 0.159 0.159
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Aue, A., Norinho, D. D. and Hörmann, S. (2015). On the prediction of stationary functional

time series, Journal of the American Statistical Association 110: 378–392.

32



Back, A. D. and Weigend, A. S. (1997). A first application of independent component analysis

to extracting structure from stock returns, International Journal of Neural Systems 8: 473–

484.

Bai, J. and Ng, S. (2002). Determining the number of factors in approximate factor models,

Econometrica 70: 191–221.

Basu, S. and Michailidis, G. (2015). Regularized estimation in sparse high-dimensional time

series models, The Annals of Statistics 43: 1535–1567.

Bathia, N., Yao, Q. and Ziegelmann, F. (2010). Identifying the finite dimensionality of curve

time series, The Annals of Statistics 38: 3352–3386.

Bickel, P. and Levina, E. (2008). Covariance regularization by thresholding, The Annals of

Statistics 36: 2577–2604.

Chang, J., Chen, C., Qiao, X. and Yao, Q. (2022). An autocovariance-based learning frame-

work for high-dimensional functional time series, arXiv:2008.12885v3 .

Chang, J., Guo, B. and Yao, Q. (2015). High dimensional stochastic regression with latent

factors, endogeneity and nonlinearity, Journal of Econometrics 189: 297–312.

Chang, J., Guo, B. and Yao, Q. (2018). Principal component analysis for second-order

stationary vector time series, The Annals of Statistics 46: 2094–2124.

Chiou, J.-M., Chen, Y.-T. and Yang, Y.-F. (2014). Multivariate functional principal com-

ponent analysis: a normalization approach, Statistica Sinica 24: 1571–1596.

Descary, M.-H. and Panaretos, V. M. (2019). Functional data analysis by matrix completion,

The Annals of Statistics 47: 1–38.

Fan, J., Liao, Y. and Wang, W. (2016). Projected principal component analysis in factor

models, The Annals of Statistics 44: 219–254.

Fang, Q., Guo, S. and Qiao, X. (2022). Finite sample theory for high-dimensional func-

tional/scalar time series with applications, Electronic Journal of Statistics 16: 527–591.

Forni, M., Hallin, M., Lippi, M. and Reichlin, L. (2005). The generalized dynamic factor

model: one-sided estimation and forecasting, Journal of the American Statistical Associ-

ation 100: 830–840.

Gao, Y., Shang, H. L. and Yang, Y. (2019). High-dimensional functional time series fore-

casting: an application to age-specific mortality rates, Journal of Multivariate Analysis

170: 232–243.

33



Ghosh, S., Khare, K. and Michailidis, G. (2019). High-dimensional posterior consistency

in Bayesian vector autoregressive models, Journal of the American Statistical Association

114: 735–748.

Golub, G. H. and Van Loan, C. F. (1996). Matrix Computations, Johns Hopkins Studies in

the Mathematical Sciences, fourth edn, Johns Hopkins University Press, Baltimore, MD.

Guo, S. and Qiao, X. (2023). On consistency and sparsity for high-dimensional functional

time series with application to autoregressions, Bernoulli 29: 451–472.

Guo, S., Wang, Y. and Yao, Q. (2016). High-dimensional and banded vector autoregressions,

Biometrika 103: 889–903.

Han, F., Lu, H. and Liu, H. (2015). A direct estimation of high dimensional stationary vector

autoregressions, Journal of Machine Learning Research 16: 3115–3150.

Han, Y., Chen, R., Zhang, C.-H. and Yao, Q. (2022). Simultaneous decorrelation of matrix

time series, Journal of the American Statistical Association, in press .

Happ, C. and Greven, S. (2018). Multivariate functional principal component analysis for

data observed on different (dimensional) domains, Journal of the American Statistical

Association 113: 649–659.
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Supplementary material to “On the modelling and prediction of

high-dimensional functional time series”

Jinyuan Chang, Qin Fang, Xinghao Qiao and Qiwei Yao

This supplementary material contains all technical proofs supporting Section 4. We

begin by introducing some notation. For x, y P R, we use x _ y “ maxpx, yq. For a vec-

tor b P Rp, we denote its ℓ2 norm by }b}2 “ p
řp

j“1 |bj|
2q1{2. For any F “ pF1, . . . ,FpqJ

and G “ pG1, . . . ,GpqJ P H, we define the inner product as xF,Gy “
ş

U FpuqJGpuq du “

řp
j“1

ş

U FjpuqGjpuq du with the induced norm } ¨ } “ x¨, ¨y1{2, and denote by F b GJ “ pFi b

Gjqi,jPrps. We further denote by L “ LpH,Hq the space of continuous linear operators from H

to H. For B “ pBijqpˆp with each Bij P S, we write }B}S,F “ p
řp

i“1

řp
j“1 }Bij}

2
Sq1{2, }B}S,1 “

maxjPrps

řp
i“1 }Bij}S , }B}S,8 “ maxiPrps

řp
j“1 }Bij}S and }B}L “ sup}F}ď1,FPH}BpFq}. We

define the image space of B as ImpBq “ tG P H : G “ BpFq,F P Hu. For two positive

sequences tanu and tbnu, we write an À bn or bn Á an if there exist a positive constant c such

that an{bn ď c and write an — bn if and only if an À bn and bn À an hold simultaneously.

We further write an ! bn or bn " an if lim supnÑ8 an{bn “ 0. Throughout, we use c, c0 to

denote generic positive finite constants that may be different in different uses.

A Auxiliary lemmas

To prove Theorems 1–4, we need the following inequalities, equality and auxiliary lemmas,

the proofs of which are deferred to Section G.

Inequality 1. Let B1 “ pB1,ijqpˆp and B2 “ pB2,ijqpˆp with B1,ij,B2,ij P S for any i, j P

rps. It holds that (i) }
ş ş

B1pu, vqB2pu, vqJ dudv}2 ď }B1}
1{2
S,8}B1}

1{2
S,1}B2}

1{2
S,8}B2}

1{2
S,1, (ii)

}
ş

B1p¨, wqB2p¨, wqJ dw}S,F ď }B1}S,F}B2}S,F, and (iii) }B1 ` B2}S,F ď }B1}S,F ` }B2}S,F.

1



Inequality 2. Let B “ pBijqpˆp with each Bij P S, b1 P Rp and b2 P Rp. Then }bJ

1Bb2}S ď

}b1}2}b2}2}B}
1{2
S,8}B}

1{2
S,1.

Inequality 3. Let B “ pBijqpˆp with each Bij P S and F P H. Then }
ş

Bp¨, vqFpvq dv} ď

}B}S,F}F} and }B}L ď }B}S,F.

Equality 1. For any F and G P H, it holds that }F b GJ}S,F “ }F}}G}.

Lemma A1. Let tYtp¨qu satisfy Conditions 1 and 2. There exists some universal constant

c̃ ą 0 such that Pt}pΣS
y,k,ij ´ Σy,k,ij}S ą Myηu ď 8 expt´c̃nminpη2, ηqu for any η ą 0,

|k| ď k0 _ m and i, j P rps.

Lemma A2. Suppose Condition 3 holds. Then max|k|ďk0_m

řp
i“1 }Σy,k,ij}

α
S “ OpΞq “

max|k|ďk0_m

řp
j“1 }Σy,k,ij}

α
S and max|k|ďk0_m }Σy,k}S,1 “ OpΞp1´α

: q “ max|k|ďk0_m }Σy,k}S,8,

where Ξ “ s1s2p2p: ` 1q with p: “ maxlPrqs pl.

Lemma A3. Let Conditions 1–3 hold. For each |k| ď k0 _m, select ωk “ ckMypn´1log pq1{2

for some sufficiently large constant ck ą 0. If log p “ opnq, then max|k|ďk0_m }Tωk
ppΣS

y,kq ´

Σy,k}S,1 “ OptΞM1´α
y pn´1 log pqp1´αq{2u “ max|k|ďk0_m }Tωk

ppΣS
y,kq ´ Σy,k}S,8, where Ξ “

s1s2p2p: ` 1q with p: “ maxlPrqs pl. Moreover, if p´2
: M2

y log p “ opnq is also satisfied, then

}
ş ş

tTωk
ppΣS

y,kqpu, vqb2 ´ Σy,kpu, vqb2u dudv}2 “ OptΞ2p1´α
: M1´α

y pn´1 log pqp1´αq{2u for each

|k| ď k0 _ m.

Lemma A4 (Theorem 8.1.10 of Golub and Van Loan (1996)). Suppose B and B ` E are

m ˆ m symmetric matrices and Q “ pQ1,Q2q, with Q1 P Rmˆl and Q2 P Rmˆpm´lq, is an

orthogonal matrix such that CpQ1q is an invariant subspace for B, that is, B¨CpQ1q Ă CpQ1q.

Partition the matrices QJBQ and QJEQ as follows:

QJBQ “

¨

˚

˝

D1 0

0 D2

˛

‹

‚

and QJEQ “

¨

˚

˝

E11 EJ

21

E21 E22

˛

‹

‚

.

If seppD1,D2q “ minµ1PΛpD1q,µ2PΛpD2q |µ1´µ2| ą 0, where ΛpMq denotes the set of eigenvalues

of the matrix M, and }E}2 ď seppD1,D2q{5, then there exists a matrix P P Rpm´lqˆl with

2



}P}2 ď 4}E21}2{seppD1,D2q such that the columns of Q‹
1 “ pQ1 `Q2PqpI`PJPq´1{2 define

an orthonormal basis for a subspace that is invariant for B ` E.

From Lemma A4, we have

}Q‹
1 ´ Q1}2 “ }tQ1 ` Q2P ´ Q1pI ` PJPq

1{2
upI ` PJPq

´1{2
}2

ď }Q1tI ´ pI ` PJPq
1{2

u}2 ` }Q2P}2

ď 2}P}2 ď
8

seppD1,D2q
}E21}2 ď

8

seppD1,D2q
}E}2 .

Lemma A5. Let tθj,ϕjp¨qujě1 and tθ̂j, pϕjp¨qujě1 be the eigenvalue/eigenfunction pairs of

Qp¨, ¨q and pQp¨, ¨q respectively, with the corresponding nonzero eigenvalues sorted in decreas-

ing order. Then we have (i) supjě1 |θ̂j ´ θj| ď }pQ ´ Q}S,F, and (ii) supjě1 ∆j}
pϕj ´ ϕj} ď

2
?

2}pQ ´ Q}S,F, where ∆j “ minkPrjspθk ´ θk`1q.

B Proof of Proposition 2

Let Ω
plq
k “ pΩ

plq
k,ijqrlˆrl . By the decomposition (18), we write

M
plq
k “

rl
ÿ

i“1

rl
ÿ

j“1

Ω
plq
k,ijφ

plq
i b tφ

plq
j u

J. (S.1)

Hence, ImpM
plq
k q Ă spantφ

plq
1 p¨q, . . . ,φ

plq
rl p¨qu. Define λ̃

plq
k,i “ }

řrl
j“1 Ω

plq
k,ijφ

plq
j } and ϕ

plq
k,ip¨q “

řrl
j“1 Ω

plq
k,ijφ

plq
j p¨q{}

řrl
j“1 Ω

plq
k,ijφ

plq
j }, we then rewrite (S.1) as

M
plq
k “

rl
ÿ

i“1

λ̃
plq
k,iφ

plq
i b tϕ

plq
k,iu

J. (S.2)

We next show that the set tϕ
plq
k,1p¨q, . . . ,ϕ

plq
k,rl

p¨qu is linearly independent for some k P rk0s. Let

β “ pβ1, . . . , βrlq
J denote an arbitrary vector in Rrl and φplqp¨q “ tφ

plq
1 p¨qJ, . . . ,φ

plq
rl p¨qJuJ.

Since the set tφ
plq
1 p¨q, . . . ,φ

plq
rl p¨qu is linearly independent and Ω

plq
k is of full rank for some

k P rk0s, the only solution of

rl
ÿ

i“1

βi

›

›

›

›

rl
ÿ

j“1

Ω
plq
k,ijφ

plq
j

›

›

›

›

ϕ
plq
k,ip¨q “ βJΩ

plq
k φ

plq
p¨q “ 0

3



is β “ 0 for such k. Hence, the set tϕ
plq
k,1p¨q, . . . ,ϕ

plq
k,rl

p¨qu in (S.2) is linearly independent

for some k P rk0s. Together with the decomposition (S.2) and the fact that any linearly

independent set of rl elements in a rl-dimensional space forms a basis for that space, it

implies that ImpM
plq
k q “ spantφ

plq
1 p¨q, . . . ,φ

plq
rl p¨qu for some k P rk0s.

By the definition of the image space, we further have

Im
!

ż

U
M

plq
k p¨, wqM

plq
k p¨, wq

J dw
)

“

!

G P H : G “

ż

U

ż

U
M

plq
k pu,wqM

plq
k pv, wq

J dwFpvq dv, F P H
)

“

!

G P H : G “

ż

U
M

plq
k pu,wq

ż

U
M

plq
k pv, wq

JFpvq dv dw, F P H
)

“

!

G P H : G “

ż

U
M

plq
k pu,wqrFpwq dw, rF P H

)

“ ImtM
plq
k u.

Due to the nonnegativity of Kplqp¨, ¨q, we have that
ş

U Kplqpu, vqϑpvqdv “ 0 if and only if

ş

U

ş

U M
plq
k pu,wqM

plq
k pv, wqJ dwϑpvqdv “ 0 for all k P rk0s. This further leads to ImpKplqq “

Ť

kPrk0s
Imt

ş

U M
plq
k p¨, wqM

plq
k p¨, wqJ dwu “ spantφ

plq
1 p¨q, . . . ,φ

plq
rl p¨qu. Hence, we complete the

proof of part (ii). Furthermore, since dimrImtKplqus “ rl, part (i) follows. l

C Proof of Theorem 1

Let νn “ Ξ2p1´α
: M1´α

y pn´1 log pqp1´αq{2, where Ξ “ s1s2p2p: `1q with p: “ maxlPrqs pl. Recall

Wy in (6) and xWy in (17). Since ρ´1νn Ñ 0 implies that p´2
: M2

y log p “ opnq, it follows

from Lemma A3 and fixed k0 that

}xWy ´ Wy}2 ď

k0
ÿ

k“0

›

›

›

›

ż ż

␣

Tωk
ppΣS

y,kqpu, vq
b2

´ Σy,kpu, vq
b2
(

dudv

›

›

›

›

2

“ Oppνnq . (S.3)

Recall that pΓyR “ ppΠ1, . . . , pΠqq “ ppγ1, . . . , pγpq and ΓyH “ pA1Γz,1H1, . . . ,AqΓz,qHqq “

pγ1, . . . ,γpq. By Lemma A4, for each l P rqs, we have that

}pΠl ´ AlΓz,lHl}2 ď 8ρ´1
}xWy ´ Wy}2 . (S.4)

4



Combining (S.3) and (S.4), it is immediate to see that

max
jPrps

}pγj ´ γj}2 “ Oppρ´1νnq . (S.5)

Recall that pγi “ pηπpiq, pTij “ max|k|ďm }pηJ

i Tωk
ppΣS

y,kqpηj}S and Tij “ max|k|ďm }γJ

i Σy,kγj}S .

Notice that

pηJ

πpiqTωk
ppΣS

y,kqpηπpjq ´ γJ

i Σy,kγj “ I1 ` I2 ` I3 ` I4 ` I5 , (S.6)

where I1 “ ppγi´γiq
JtTωk

ppΣS
y,kq´Σy,kupγj, I2 “ ppγi´γiq

JΣy,kppγj´γjq, I3 “ ppγi´γiq
JΣy,kγj,

I4 “ γJ

i tTωk
ppΣS

y,kq ´ Σy,kupγj and I5 “ γJ

i Σy,kppγj ´ γjq. Let ωn “ ΞM1´α
y pn´1 log pqp1´αq{2.

Hence ωn Ñ 0 as implied by ρ´1νn Ñ 0. By (S.5), the orthonormality of pγj and γj,

Lemma A3 and Inequality 2, we obtain that

max
i,jPrps

}I1}S “ Oppρ´1νnωnq , max
i,jPrps

}I2}S “ Oppρ´2Ξp1´α
: ν2nq ,

max
i,jPrps

}I4}S “ Oppωnq , max
i,jPrps

`

}I3}S ` }I5}S
˘

“ Oppρ´1Ξp1´α
: νnq .

Together with ρ´1νn Ñ 0, ωn Ñ 0 and ωn “ opνnq, it holds that

max
i,jPrps

|pTπpiqπpjq ´ Tij| ď max
i,jPrps,|k|ďm

ˇ

ˇ}pηJ

πpiqTωk
ppΣS

y,kqpηπpjq}S ´ }γJ

i Σy,kγj}S
ˇ

ˇ (S.7)

ď max
i,jPrps,|k|ďm

}pηJ

πpiqTωk
ppΣS

y,kqpηπpjq ´ γJ

i Σy,kγj}S “ Oppρ´1Ξp1´α
: νnq .

We now show that ϱ̂ in (13) is a consistent estimate for ϱ. For k P rℵs, without loss of

generality, we write Tpkq “ Tikjk with ik, jk P rps. Since ρ´1Ξp1´α
: νn{δn Ñ 0 and δn{ς Ñ 0, we

can find some hn such that ρ´1Ξp1´α
: νn ! hn ! δn ! ς. Let rΩ “ tmaxi,jPrps |pTπpiqπpjq ´ Tij| ď

hn ď ς{2u. It is immediate to see that under the event rΩ we have ς{2 ď pTπpikqπpjkq ď ς{2`Tp1q

for k P rϱs and 0 ď pTπpikqπpjkq ď hn for k ą ϱ. Due to the definition of ϱ̂, we have that

pTpϱ̂q ` δn
pTpϱ̂`1q ` δn

ě
pTpϱq ` δn
pTpϱ`1q ` δn

ě
ς{2 ` δn
hn ` δn

—
ς

δn
(S.8)

under rΩ. If ϱ̂ ă ϱ, under rΩ,

pTpϱ̂q ` δn
pTpϱ̂`1q ` δn

ď
ς{2 ` Tp1q ` δn

ς{2 ` δn
—
Tp1q

ς
. (S.9)

5



Since δnTp1q{ς
2 Ñ 0, (S.8) and (S.9) imply Ppϱ̂ ă ϱ | rΩq Ñ 0. Similarly, if ϱ̂ ą ϱ, under rΩ,

pTpϱ̂q ` δn
pTpϱ̂`1q ` δn

ď
hn ` δn
0 ` δn

Ñ 1 .

This together with (S.8) and δn{ς Ñ 0 yields that Ppϱ̂ ą ϱ | rΩq Ñ 0. Hence, Ppϱ̂ “ ϱ | rΩq Ñ

1. By (S.7), PprΩq Ñ 1. Combining the above results, we have Ppϱ̂ “ ϱq Ñ 1. Recall

E “ tpi, jq : Tij ě Tpϱq, 1 ď i ă j ď pu and rE “ tpi, jq : pTij ě pTpϱ̂q, 1 ď i ă j ď pu. Under the

event tϱ̂ “ ϱu, the permutation π : rps Ñ rps actually provides a bijective mapping from the

graph prps, Eq to prps, rEq in the sense that tk, pi, jqu P rpsˆE Ñ tπpkq, pπpiq, πpjqqu P rpsˆ rE.

Hence we complete the proof of Theorem 1. l

D Proof of Theorem 2

Let νn “ Ξ2p1´α
: M1´α

y pn´1 log pqp1´αq{2, where Ξ “ s1s2p2p: ` 1q with p: “ maxlPrqs pl. Since

ρ´1νn Ñ 0, the result in (S.3) holds. This, together with (S.4) and the remark for Lemma 1

of Chang et al. (2018), yields that

max
lPrqs

DtCppΠlq, CpAlqu À ρ´1
}xWy ´ Wy}2 “ Oppρ´1νnq . (S.10)

Recall that pΠl “ ppγiqiPGl
and pAl “ ppγiqiP pGl

. Theorem 1 implies that there exists a permuta-

tion π̃ : rqs Ñ rqs such that Pr
Şq

l“1t
pGπ̃plq “ Glu , q̂ “ qs Ñ 1. Let Ωl “ t pGπ̃plq “ Gl , q̂ “ qu

and dn “ ρ´1νn. For any ϵ ą 0, by (S.10), there exists a constant C ą 0 such that

P
„

max
lPrqs

d´1
n DtCppΠlq, CpAlqu ą C

ȷ

ă ϵ ,

which implies

P
„

max
lPrqs

min
jPrq̂s

d´1
n DtCppAjq, CpAlqu ą C

ȷ

ď P
„

max
lPrqs

min
jPrq̂s

d´1
n DtCppAjq, CpAlqu ą C,

q
č

l“1

Ωl

ȷ

` P
ˆ q
ď

l“1

Ωc
l

˙

ď P
„

max
lPrqs

d´1
n DtCppΠlq, CpAlqu ą C

ȷ

` op1q ă ϵ ` op1q .

Hence, maxlPrqs minjPrq̂s DtCppAjq, CpAlqu “ Oppdnq. We complete the proof of Theorem 2. l
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E Proof of Theorem 3

Recall that Πl “ AlΓz,lHl “ pγiqiPGl
and pAl “ ppγiqiPGl

. Write M
plq
k pu, vq “ ΠJ

l Σy,kpu, vqΠl ”

tM
plq
k,ijpu, vqui,jPrpls and xM

plq
k pu, vq “ pAJ

l Tωk
ppΣS

y,kqpu, vqpAl ” txM
plq
k,ijpu, vqui,jPrpls. Let νn “

Ξ2p1´α
: M1´α

y pn´1 log pqp1´αq{2, where Ξ “ s1s2p2p: ` 1q with p: “ maxlPrqs pl. By a similar

decomposition to (S.6) and ρ´1Ξp1´α
: νn Ñ 0, we obtain that maxi,jPrpls,lPrqs }xM

plq
k,ij ´M

plq
k,ij}S “

Oppρ´1Ξp1´α
: νnq. Hence,

max
lPrqs

}xM
plq
k ´ M

plq
k }S,F “ max

lPrqs

ˆ

ÿ

i,jPrpls

}xM
plq
k,ij ´ M

plq
k,ij}

2
S

˙1{2

“ Oppρ´1Ξp2´α
: νnq .

Write Z
plq
t p¨q “ tZ

plq
t,1p¨q, . . . , Z

plq
t,pl

p¨quJ. It follows from Cauchy–Schwartz inequality that

max
lPrqs

}M
plq
k }

2
S,F “ max

lPrqs

pl
ÿ

i,j“1

ż ż

tM
plq
k,ijpu, vqu

2 dudv

ď max
lPrqs

pl
ÿ

i“1

ż

ErtZ
plq
t,i puqu

2
s du ¨ max

lPrqs

pl
ÿ

j“1

ż

ErtZ
plq
t`k,jpuqu

2
s du “ Opp2:q .

Observe that pKplqpu, vq ´ Kplqpu, vq “
řk0

k“1

ş

U M
plq
k pu,wqtxM

plq
k pv, wq ´ M

plq
k pv, wquJ dw `

řk0
k“1

ş

UtxM
plq
k pu,wq´M

plq
k pu,wquM

plq
k pv, wqJ dw`

řk0
k“1

ş

UtxM
plq
k pu,wq´M

plq
k pu,wqutxM

plq
k pv, wq´

M
plq
k pv, wquJ dw. Together with Inequality 1, ρ´1Ξp1´α

: νn Ñ 0 and fixed k0, it holds that

max
lPrqs

}pKplq
´ Kplq

}S,F ď max
lPrqs

k0
ÿ

k“1

}xM
plq
k ´ M

plq
k }

2
S,F ` 2 max

lPrqs

k0
ÿ

k“1

}M
plq
k }S,F}xM

plq
k ´ M

plq
k }S,F

“ Oppρ´2Ξ2p4´2α
: ν2nq ` Oppρ´1Ξp3´α

: νnq “ Oppρ´1Ξp3´α
: νnq .

This, together with Lemma A5, implies that

max
lPrqs,jPrrls

|θ̂
plq
j ´ θ

plq
j | “ Oppρ´1Ξp3´α

: νnq , max
lPrqs,jPrrls

}pψ
plq

j ´ψ
plq
j } “ Opp∆´1ρ´1Ξp3´α

: νnq ,

(S.11)

where ∆ “ minlPrqs,jPrrlstθ
plq
j ´ θ

plq
j`1u.

Recall that

r̂l “ arg max
jPrn´k0s

θ̂
plq
j ` δ̃n

θ̂
plq
j`1 ` δ̃n

.
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Note that the condition δ̃n maxlPrqs θ
plq
1 { minlPrqstθ

plq
rl u2 Ñ 0 implies that δ̃n “ opminlPrqs θ

plq
rl q.

By ρ´1Ξp3´α
: νn{δ̃n Ñ 0 and δ̃n{ minlPrqs θ

plq
rl Ñ 0, we can find some h̃n such that ρ´1Ξp3´α

: νn !

h̃n ! δ̃n ! minlPrqs θ
plq
rl . Let qΩ “ tmaxlPrqs,jPrrls |θ̂

plq
j ´ θ

plq
j | ď h̃n ď minlPrqs θ

plq
rl {2u. Under the

event qΩ, we thus have minlPrqs θ
plq
rl {2 ď θ̂

plq
j ď minlPrqs θ

plq
rl {2 ` maxlPrqs θ

plq
1 if j P rrls and

0 ď θ̂
plq
j ď h̃n if j ą rl, for each l P rqs. Due to the definition of r̂l, for each l P rqs, we have

that

θ̂
plq
r̂l

` δ̃n

θ̂
plq
r̂l`1 ` δ̃n

ě
θ̂

plq
rl ` δ̃n

θ̂
plq
rl`1 ` δ̃n

ě
minlPrqs θ

plq
rl {2 ` δ̃n

h̃n ` δ̃n
—

minlPrqs θ
plq
rl

δ̃n
(S.12)

under qΩ. For each l P rqs, if r̂l ă rl, under qΩ,

θ̂
plq
r̂l

` δ̃n

θ̂
plq
r̂l`1 ` δ̃n

ď
minlPrqs θ

plq
rl {2 ` maxlPrqs θ

plq
1 ` δ̃n

minlPrqs θ
plq
rl {2 ` δ̃n

—
maxlPrqs θ

plq
1

minlPrqs θ
plq
rl

. (S.13)

Since δ̃n maxlPrqs θ
plq
1 { minlPrqstθ

plq
rl u2 Ñ 0, (S.12) and (S.13) imply Pr

Ťq
i“1tr̂l ă rlu | qΩs Ñ 0.

Similarly, for each l P rqs, if r̂l ą rl, under qΩ,

θ̂
plq
r̂l

` δ̃n

θ̂
plq
r̂l`1 ` δ̃n

ď
h̃n ` δ̃n

0 ` δ̃n
Ñ 1 .

This together with (S.12) and δ̃n{ minlPrqs θ
plq
rl Ñ 0 yields that Pr

Ťq
i“1tr̂l ą rlu | qΩs Ñ 0. Thus

Pr
Şq

i“1tr̂l “ rlu | qΩs Ñ 1. By (S.11), PpqΩq Ñ 1. We complete the proof of Theorem 3. l

F Proof of Theorem 4

Let ψ
plq
j p¨q “ tψ

plq
j1 p¨q, . . . , ψ

plq
jpl

p¨quJ and pψ
plq

j p¨q “ tψ̂
plq
j1 p¨q, . . . , ψ̂

plq
jpl

p¨quJ. Due to the orthonor-

mality of ψ
plq
j p¨q and pψ

plq

j p¨q, we obtain that

›

›

›

›

rl
ÿ

j“1

“

pψ
plq

j b tpψ
plq

j u
J

´ψ
plq
j b tψ

plq
j u

J
‰

›

›

›

›

2

S,F

“

ż ż pl
ÿ

k“1

pl
ÿ

m“1

„ rl
ÿ

j“1

␣

ψ̂
plq
jk puqψ̂

plq
jmpvq ´ ψ

plq
jk puqψ

plq
jmpvq

(

ȷ2

dudv

“

rl
ÿ

i“1

rl
ÿ

j“1

ż ż pl
ÿ

k“1

pl
ÿ

m“1

ψ̂
plq
ik puqψ̂

plq
impvqψ̂

plq
jk puqψ̂

plq
jmpvq dudv
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`

rl
ÿ

i“1

rl
ÿ

j“1

ż ż pl
ÿ

k“1

pl
ÿ

m“1

ψ
plq
ik puqψ

plq
impvqψ

plq
jk puqψ

plq
jmpvq dudv

´ 2
rl
ÿ

i“1

rl
ÿ

j“1

ż ż pl
ÿ

k“1

pl
ÿ

m“1

ψ
plq
ik puqψ

plq
impvqψ̂

plq
jk puqψ̂

plq
jmpvq dudv

“

rl
ÿ

i“1

rl
ÿ

j“1

xpψ
plq

i ,
pψ

plq

j y
2

`

rl
ÿ

i“1

rl
ÿ

j“1

xψ
plq
i ,ψ

plq
j y

2
´ 2

rl
ÿ

i“1

rl
ÿ

j“1

xpψ
plq

i ,ψ
plq
j y

2

“ 2rl ´ 2
rl
ÿ

i“1

rl
ÿ

j“1

xpψ
plq

i ,ψ
plq
j y

2 .

Denote by rCl “ spantpψ
plq

1 p¨q, . . . , pψ
plq

rl
p¨qu the dynamic space spanned by rl estimated eigen-

functions. By the definition of rDprCl, Clq, we thus have
?

2rl rDprCl, Clq “ }
řrl

j“1r
pψ

plq

j btpψ
plq

j uJ ´

ψ
plq
j b tψ

plq
j uJs}S,F. Let νn “ Ξ2p1´α

: M1´α
y pn´1 log pqp1´αq{2, where Ξ “ s1s2p2p: ` 1q with

p: “ maxlPrqs pl. Since ∆´1ρ´1Ξp3´α
: νn Ñ 0, the result in (S.11) holds. This, together with

Equality 1, fixed rl and the orthonormality of ψ
plq
j p¨q, leads to

max
lPrqs

?
2rl rDprCl, Clq “ max

lPrqs

›

›

›

›

rl
ÿ

j“1

”

pψ
plq

j b tpψ
plq

j u
J

´ψ
plq
j b tψ

plq
j u

J

ı

›

›

›

›

S,F

ď max
lPrqs

rl
ÿ

j“1

}pψ
plq

j ´ψ
plq
j }

2
` 2 max

lPrqs

rl
ÿ

j“1

}ψ
plq
j }}pψ

plq

j ´ψ
plq
j }

“Opp∆´2ρ´2Ξ2p6´2α
: ν2nq ` Opp∆´1ρ´1Ξp3´α

: νnq

“Opp∆´1ρ´1Ξp3´α
: νnq .

Let en “ ∆´1ρ´1Ξp3´α
: νn. Theorem 3 implies that Pr

Şq
l“1tr̂l “ rlus Ñ 1. Thus, for any

ϵ ą 0, there exists a constant C ą 0 such that

P
"

max
lPrqs

e´1
n

rDprCl, Clq ą C

*

ă ϵ ,

which implies

P
"

max
lPrqs

e´1
n

rDppCl, Clq ą C

*

ď P
„

max
lPrqs

e´1
n

rDppCl, Clq ą C,
q
č

l“1

tr̂l “ rlu

ȷ

` P
" q
ď

l“1

rr̂l ‰ rlu

ȷ

ď P
"

max
lPrqs

e´1
n

rDprCl, Clq ą C

*

` op1q ă ϵ ` op1q .

Hence, maxlPrqs
rDppCl, Clq “ Oppenq. We complete the proof of Theorem 4. l
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G Proofs of auxiliary lemmas

G.1 Proof of Inequality 1

By Cauchy–Schwartz inequality, we notice that

›

›

›

›

ż ż

B1pu, vqB2pu, vq
J dudv

›

›

›

›

1

“ max
jPrps

p
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

ż ż p
ÿ

k“1

B1,ikpu, vqB2,jkpu, vq dudv

ˇ

ˇ

ˇ

ˇ

ď max
jPrps

p
ÿ

i“1

p
ÿ

k“1

}B1,ik}S}B2,jk}S (S.14)

ď max
kPrps

p
ÿ

i“1

}B1,ik}S ¨ max
jPrps

p
ÿ

k“1

}B2,jk}S “ }B1}S,1}B2}S,8 .

By similar argument, we obtain that

›

›

›

›

ż ż

B1pu, vqB2pu, vq
Jdudv

›

›

›

›

8

ď }B1}S,8}B2}S,1 . (S.15)

Combining (S.14) and (S.15) and applying the inequality }E}2 ď }E}8}E}1 for any matrix

E P Rpˆp, we complete the proof of part (i).

Let Cpu, vq “
ş

B1pu,wqB2pv, wqJdw “ tCijpu, vqui,jPrps. It then follows from Cauchy–

Schwartz inequality that

}C}
2
S,F “

p
ÿ

i,j“1

ż ż

C2
ijpu, vq dudv “

p
ÿ

i,j“1

ż ż
" p
ÿ

k“1

ż

B1,ikpu,wqB2,jkpv, wq dw

*2

dudv

ď

p
ÿ

i,j“1

ż ż
" p
ÿ

k“1

ż

B2
1,ikpu,wq dw ¨

p
ÿ

k“1

ż

B2
2,jkpu,wq dw

*

dudv “ }B1}
2
S,F}B2}

2
S,F .

Hence, we complete the proof of part (ii).

By Cauchy–Schwartz inequality, we further obtain that

}B1 ` B2}
2
S,F “

p
ÿ

i,j“1

ż ż

tB1,ijpu, vq ` B2,ijpu, vqu
2 dudv

“ 2
p
ÿ

i,j“1

ż ż

B2
1,ijpu, vqB2

2,ijpu, vq dudv ` }B1}
2
S,F ` }B2}

2
S,F

ď 2}B1}S,F}B2}S,F ` }B1}
2
S,F ` }B2}

2
S,F “ p}B1}S,F ` }B2}S,Fq

2 .

Hence, we complete the proof of part (iii). l
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G.2 Proof of Inequality 2

By elementary calculations and Inequality 1, we obtain that

}bJ

1Bb2}
2
S “

ż ż

bJ

1Bpu, vqb2b
J

2Bpu, vq
Jb1 dudv

ď

ż ż

}b2b
J

2 }2}Bpu, vq
Jb1}

2
2 dudv

ď }b2}
2
2

ż ż

bJ

1Bpu, vqBpu, vq
Jb1 dudv ď }b1}

2
2}b2}

2
2}B}S,8}B}S,1 ,

which completes our proof. l

G.3 Proof of Inequality 3

Let Fpuq “ tF1puq, . . . ,FppuquJ and Gpuq “
ş

Bpu, vqFpvq dv “ tG1puq, . . . ,GppuquJ. By

Cauchy–Schwartz inequality, we obtain that

}G}
2

“

p
ÿ

i“1

ż

Gipuq
2 du “

p
ÿ

i“1

ż
" p
ÿ

k“1

ż

Bikpu, vqFkpvq dv

*2

du

ď

p
ÿ

i“1

ż
" p
ÿ

k“1

ż

B2
ikpu, vq dv

p
ÿ

k“1

ż

F2
kpvq dv

*

du “ }B}
2
S,F}F}

2 ,

This further leads to }B}L “ sup}F}ď1,FPH}BpFq} ď sup}F}ď1,FPH}B}S,F}F} ď }B}S,F, which

completes our proof. l

G.4 Proof of Equality 1

For F “ pF1, . . . ,FpqJ and G “ pG1, . . . ,GpqJ P H, it holds that

}F b GJ
}
2
S,F “

p
ÿ

i,j“1

ż ż

F2
i puqG2

jpvq dudv “

" p
ÿ

i“1

ż

F2
i puq du

*" p
ÿ

j“1

ż

G2
jpvq dv

*

“ }F}
2
}G}

2 .

Hence, we complete our proof. l

G.5 Proof of Lemma A1

This lemma follows directly from Theorem 1 of Fang et al. (2022) and Theorem 2 of Guo

and Qiao (2023) and hence the proof is omitted here. l
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G.6 Proof of Lemma A2

Recall that maxiPrps

ş

EtZ2
tipuqu du “ Op1q. Hence,

max
i,jPrps,|k|ďk0_m

}Σz,k,ij}
2
S “ max

i,jPrps,|k|ďk0_m

ż ż

rEtZtipuqZpt`kqjpvqus
2 dudv

ď max
iPrps

ż

EtZ2
tipuqu du ¨ max

jPrps

ż

EtZ2
pt`kqjpvqu dv “ Op1q . (S.16)

Let p: “ maxlPrqs pl. Since Σy,kpu, vq “ AΣz,kpu, vqAJ and Σz,k,lm “ 0 for |l ´m| ą p:, then

Σy,k,ijpu, vq “
řp

l,m“1AilΣz,k,lmpu, vqAjm “
ř

|l´m|ďp:
AilΣz,k,lmpu, vqAjm. By the inequality

pa ` bqα ď aα ` bα for a, b ě 0 and α P r0, 1q, we obtain that

p
ÿ

i“1

}Σy,k,ij}
α
S “

p
ÿ

i“1

›

›

›

›

ÿ

|l´m|ďp:

AilΣz,k,lmAjm

›

›

›

›

α

S
ď

p
ÿ

i“1

ˆ

ÿ

|l´m|ďp:

›

›AilΣz,k,lmAjm

›

›

S

˙α

ď

p
ÿ

i“1

ÿ

|l´m|ďp:

|Ail|
α
|Ajm|

α
}Σz,k,lm}

α
S

ď max
l,mPrps,|k|ďk0_m

}Σz,k,lm}
α
S ¨ max

lPrps

p
ÿ

i“1

|Ail|
α

¨
ÿ

|l´m|ďp:

|Ajm|
α

ď max
l,mPrps,|k|ďk0_m

}Σz,k,lm}
α
S ¨ s2 ¨ p2p: ` 1q

p
ÿ

m“1

|Ajm|
α

“ OpΞq ,

where Ξ “ s1s2p2p: ` 1q. By (S.16) and the block structure of Σz,kpu, vq, we further obtain

that }Σz,k}S,1 “ maxjPrps

řp
i“1 }Σz,k,ij}S “ Opp:q. Similarly, we also have }Σz,k}S,8 “ Opp:q.

Together with Inequality 2 and the orthonormality of the rows in A, it holds that

}Σy,k}S,1 “ max
jPrps

p
ÿ

i“1

}Σy,k,ij}S ď max
i,jPrps

}Σy,k,ij}
1´α
S ¨ max

jPrps

p
ÿ

i“1

}Σy,k,ij}
α
S “ OpΞp1´α

: q .

Recall k0 and m are fixed integers. Similarly, we can prove the rest of this lemma. l

G.7 Proof of Lemma A3

Denote by Tωk
ppΣS

y,k,ijq the pi, jq-th component of Tωk
ppΣS

y,kq. Due to the fact that Tωk
ppΣS

y,k,ijq “

pΣS
y,k,ijpu, vqIt}pΣS

y,k,ij}S ě ωku, we have }Tωk
ppΣS

y,k,ijq ´ pΣS
y,k,ij}S ď ωk. Under the event Ω “
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tmaxi,jPrps }pΣS
y,k,ij ´ Σy,k,ij}S ď θ̃ωku for θ̃ P p0, 1q and ωk “ ckMypn´1 log pq1{2, we have

max
jPrps

p
ÿ

i“1

}Tωk
ppΣS

y,k,ijq ´ Σy,k,ij}S

“ max
jPrps

p
ÿ

i“1

}Tωk
ppΣS

y,k,ijq ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ě ωku

` max
jPrps

p
ÿ

i“1

}Tωk
ppΣS

y,k,ijq ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ă ωku

ď max
jPrps

p
ÿ

i“1

}Tωk
ppΣS

y,k,ijq ´ pΣS

y,k,ij}SIt}pΣS

y,k,ij}S ě ωk, }Σy,k,ij}S ě ωku

` max
jPrps

p
ÿ

i“1

}pΣS

y,k,ij ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ě ωk, }Σy,k,ij}S ě ωku

` max
jPrps

p
ÿ

i“1

}Tωk
ppΣS

y,k,ijq ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ě ωk, }Σy,k,ij}S ă ωku

` max
jPrps

p
ÿ

i“1

}Σy,k,ij}SIt}pΣS

y,k,ij}S ă ωku

ď ωk

p
ÿ

i“1

It}Σy,k,ij}S ě ωku

loooooooooooooomoooooooooooooon

Q1

` max
jPrps

p
ÿ

i“1

}Σy,k,ij}SIt}Σy,k,ij}S ă 2ωku

loooooooooooooooooooooomoooooooooooooooooooooon

Q2

` max
jPrps

p
ÿ

i“1

}pΣS

y,k,ij ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ě ωk, }Σy,k,ij}S ă ωku

looooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooon

Q3

.

By Lemma A2, we have Q1 ` Q2 À ω1´α
k

řp
i“1 }Σy,k,ij}

α
S À ω1´α

k Ξ under the event Ω. Also,

Q3 ď max
jPrps

p
ÿ

i“1

}pΣS

y,k,ij ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ě ωk, }Σy,k,ij}S ă p1 ´ θ̃qωku

` max
jPrps

p
ÿ

i“1

}pΣS

y,k,ij ´ Σy,k,ij}SIt}pΣS

y,k,ij}S ě ωk, p1 ´ θ̃qωk ď }Σy,k,ij}S ă ωku

ďωk max
jPrps

p
ÿ

i“1

It}pΣS

y,k,ij ´ Σy,k,ij}S ą θ̃ωku ` ωk max
jPrps

p
ÿ

i“1

It}Σy,k,ij}S ě p1 ´ θ̃qωku

“ωk max
jPrps

p
ÿ

i“1

It}Σy,k,ij}S ě p1 ´ θ̃qωku À ω1´α
k Ξ
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under the event Ω. By Lemma A1, if n Á log p and c̃θ̃2c2k ą 2, then PpΩcq ď 8p2´c̃θ̃2c2k Ñ 0.

Combining the above results, we thus have

max
jPrps

p
ÿ

i“1

}Tωk
ppΣS

y,k,ijq ´ Σy,k,ij}S “ Op

"

ΞM1´α
y

ˆ

log p

n

˙p1´αq{2*

.

Recall k0 and m are fixed integers. We have the first result. The second result can be

proved in the similar manner. Due to Tωk
ppΣS

y,kqpu, vqb2 ´ Σy,kpu, vqb2 “ tTωk
ppΣS

y,kqpu, vq ´

Σy,kpu, vqub2`Σy,kpu, vqtTωk
ppΣS

y,kqpu, vq´Σy,kpu, vquJ`tTωk
ppΣS

y,kqpu, vq´Σy,kpu, vquΣy,kpu, vqJ,

it follows from Inequality 1 and Lemma A2 that
›

›

›

›

ż ż

␣

Tωk
ppΣS

y,kqpu, vq
b2

´ Σy,kpu, vq
b2
(

dudv

›

›

›

›

2

ď 2}Σy,k}
1{2
S,1}Σy,k}

1{2
S,8}Tωk

ppΣS

y,kq ´ Σy,k}
1{2
S,1}Tωk

ppΣS

y,kq ´ Σy,k}
1{2
S,8

` }Tωk
ppΣS

y,kq ´ Σy,k}S,1}Tωk
ppΣS

y,kq ´ Σy,k}S,8

“ Op

"

Ξ2p1´α
: M1´α

y

ˆ

log p

n

˙p1´αq{2*

` Op

"

Ξ2M2´2α
y

ˆ

log p

n

˙1´α*

.

Since p´2
: M2

y log p “ opnq, we have the third result. l

G.8 Proof of Lemma A5

By the definition of spectral decomposition, we have that θj “ minBPLj´1
}Q ´ B}L and

θ̂j “ minBPLj´1
}pQ ´ B}L, where Lj´1 “ tB : B P L, dimpImpBqq ď j ´ 1u. Thus, θj “

minBPLj´1
}Q´B}L ď }Q´ pQ}L ` minBPLj´1

}pQ´B}L “ }pQ´Q}L ` θ̂j. Similarly, we have

θ̂j “ minBPLj´1
}pQ ´ B}L ď }pQ ´ Q}L ` minBPLj´1

}Q ´ B}L “ }pQ ´ Q}L ` θj. Combining

the two above results with Inequality 3, we obtain that

|θ̂j ´ θj| ď }pQ ´ Q}L ď }pQ ´ Q}S,F (S.17)

holds for all j ě 1, which completes our proof of part (i).

Without loss of generality, we assume that xpϕj,ϕjy ě 0. Since
ř8

l“1 xpϕj,ϕly
2

“ }pϕj}
2 “ 1

and 0 ď xpϕj,ϕjy ď 1, it holds that

}pϕj ´ ϕj}
2

“

8
ÿ

l“1

`

xpϕj,ϕly ´ xϕj,ϕly
˘2

“
`

xpϕj,ϕjy ´ 1
˘2

`
ÿ

l‰j

xpϕj,ϕly
2

14



“ xpϕj,ϕjy
2

´ 2xpϕj,ϕjy `

8
ÿ

l“1

xpϕj,ϕly
2

`
ÿ

l‰j

xpϕj,ϕly
2

“ 2
ÿ

l‰j

xpϕj,ϕly
2

` 2pxpϕj,ϕjy
2

´ xpϕj,ϕjyq ď 2
ÿ

l‰j

xpϕj,ϕly
2
. (S.18)

Observe that Qppϕjqpuq ´ θjpϕjpuq “ pQ ´ pQqppϕjqpuq ` pθ̂j ´ θjqpϕjpuq. This together with

Inequality 3, (S.17) and the orthonormality of pϕj implies that

}Qppϕjq ´ θjpϕj} ď 2}pQ ´ Q}S,F . (S.19)

We further write

}Qppϕjq ´ θjpϕj}
2

“

8
ÿ

l“1

`

xpϕj,Qpϕlqy ´ xθjpϕj,ϕly
˘2

“
ÿ

l‰j

pθl ´ θjq
2
xpϕj,ϕly

2
ě ∆2

j

ÿ

l‰j

xpϕj,ϕly
2
. (S.20)

Combining (S.18)–(S.20), we complete the proof of part (ii). l
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